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Geometric Localization of Homology Cycles

Amritendu Dhar*

Abstract

Computing an optimal cycle in a given homology
class, also referred to as the homology localization
problem, is known to be an NP-hard problem in general.
Furthermore, there is currently no known optimality
criterion that localizes classes geometrically and admits
a stability property under the setting of persistent
homology. We present a geometric optimization of
the cycles that is computable in polynomial time and
is stable in an approximate sense. Tailoring our
search criterion to different settings, we obtain various
optimization problems like optimal homologous cycle,
minimum homology basis, and minimum persistent
homology basis.  In practice, the (trivial) exact
algorithm is computationally expensive despite having
a worst case polynomial runtime.  Therefore, we
design approximation algorithms for the above problems
and study their performance experimentally. These
algorithms have reasonable runtimes for moderate sized
datasets and the cycles computed by these algorithms
are consistently of high quality as demonstrated via
experiments on multiple datasets.

1 Introduction

Homology groups and their persistent version called
persistent homology play a central role in topological
data analysis (TDA), a thriving research field of equal
interest to computer scientists, mathematicians and
data scientists |17,{18]. The ranks for homology groups
and the barcodes for persistent homology groups have
been extensively studied both from algorithmic and
mathematical perspectives. With the growth of TDA in
applications, there is an increasing need for computing
homology cycles that localize given homology classes
or constitute a basis for the homology group. Often
applications require these cycles to be tightest possible
or geometry-aware in some sense rather than being
completely oblivious of the embedding space. This
demand has led to studying homologous or basis cycles
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under various optimization criteria. A number of
optimization results in this direction have now appeared
in the literature both in persistent and non-persistent
settings [4L|5L{7L/8l/10H13L|16L/27].

The quality of the optimal cycles depends on the
choice of a weight function. For instance, one may
choose a weight for each p-cycle { to be the sum of
non-negative weights assigned to each p-simplex in (.
Optimizing this measure over a class of a given cycle
¢ localizes the class [¢] in the sense that it selects a
cycle in the class with the least weight. Unfortunately,
this problem is known to be NP-hard in general [7,|10]
except for some special cases [13,/15]. Polynomial
time algorithms are known for certain optimization
criteria |9L[15] or in lower dimensions [4}[7}{16L[20].

Outline and Contributions. Precisely, we achieve
the following. Given a simplicial complex K with the
vertices in a point set P C R? and linearly embedded
simplices, we define the weight of a cycle ( as the
radius of the smallest (d — 1)-sphere that encloses (.
This measure, in some sense, captures the locality of
¢ with respect to its geometry. In Section [4 we
study how homology localization serves as an archetype
application. Then, we solve other versions of the
optimal cycle problem including minimum homology
basis in Section [5] and minimum persistent homology
basis in Section [6} For the persistent version, in
Appendix [B] we show optimal persistent homology
bases are stable in an approximate sense. For
previous results on optimal persistent cycles [11}{15] such
stability is not known. The approximation algorithms
described in this paper have been implemented. In
Section [7] we report experimental results for the
approximate algorithms. In our experiments, we found
that even the approximate algorithms return cycles
of consistently high quality confirming the value of
{o-radius as an optimization criterion. We further
compare experimental results on persistent homology
with that of PersLoop [28|, which is a state of the art
software for computing optimal persistent 1-cycles. We
visually infer that our cycles are "tighter" than those of
PersLoop on multiple datasets of practical importance.

Related work. A criterion related to ours was
considered by Chen and Freedman [9] who proposed to
compute a minimum homology basis while optimizing
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the shortest path radius of the geodesic balls containing
the basis cycles. With an embedding in the Euclidean
space, the fy-radius of the geometric balls capture
locality more concisely than the shortest path radius.
Yet another measures of optimality for cycles that
is tractable, namely lexicographically optimality [11],
suffers from the drawback that it requires a parameter:
a total order on simplices. In applications, it is
sometimes desirable that the optimal cycles be stable
with regard to the change in the input data [2].
An optimization criterion that is geometry-aware,
polynomial time computable, and results in some kind of
stability is volume optimal cycles by Obayashi [25}26].
However, unlike our measure, the approach described
in [25] works only for computing representatives of finite
bars. In another related work, Li et al. [24] obtain
minimal representatives using linear programming for
a variety of optimization criteria with impressive
runtimes. However, their software does not work for
arbitrary filtrations yet [22]. In summary, our key
contribution in this work is that we introduce a natural
measure of optimality of cycles that has good theoretical
properties and is well-behaved in practice.

2 Background and preliminaries

In this section, we recall some preliminaries on
persistent homology. For the rest of this section, we
work only with simplexwise filtrations: That is, we have
a filtration F on R where the complexes change only at
finite set of values a; < as < ... < a, and every change
involves addition of a unique simplex o, for i € [n].

Tag Oa; Tay Tapn 1
F:l=Kyp = Koy 2Ky, =& ... = K, =K
Using p-th homology groups of the complexes over the
field Zo, we get a sequence of vector spaces connected
by inclusion-induced linear maps:

H,F : Hy(Kap) = Hp(Kay) = Hy(Kay) — -

The sequence H,F with the linear maps is called
a persistence module. There is a special persistence
module called the interval module 11*% associated to
the interval [b, d). Denoting the vector space indexed at
a € R as [, this interval module is given by

o
]I[b’d) o ZQ ifae [b, d)

“ 0  otherwise

together with identity maps id, 4 : ]L[lb’d) — ]I([llf{d) for
all a,a’ € [b,d) with a < a".

It is known due to a result of Gabriel [21]| that a
persistence module defined with finite complexes admits
a decomposition

M
HF= b .d)

which is unique up to isomorphism and permutation of
the intervals. The intervals [bs, d,) are called the bars.
The multiset of bars forms the barcode of the persistence
module H,F, denoted by B,(F). The following two
definitions are taken from [14].

Definition 1. For an interval [b,d), we say that ( is
a representative cycle for [b,d), or simply ¢ represents
[b, d), if one of the following holds:

e d # 400, ( is a cycle in K; containing o}, and ( is
not a boundary in K; 1 but becomes one in Kj.

e d =400, and ( is a cycle in K, containing oy,

Definition 2 (Persistent cycles). A p-cycle ¢ that
represents an interval [b, d) € B, (F) is called a persistent
p-cycle for [b,d).

For a bar [b, d), o is said to be a creator simplez and
oq is called a destroyer simplex.

It is easy to check that if  is a representative cycle
for [b;,d;) and € is a representative cycle for [b;,d;),
where b; < b; and d; < d;, then ( + £ is also a
representative cycle for [b;, d;). The set of representative
cycles for interval [b;,d;) is denoted by R([b;,d;)).
Representatives of bars of the form [b,00) are called
essential cycles.

Definition 3 (Persistent basis). Let J be the indexing
set for the intervals in the barcode B,(F) of filtration
F. That is, for every j € J, [b;,d;) is an interval in
B,(F). Then a set of p-cycles {¢; | j € J} is called a
persistent p-basis for F if

H,F = I4 where I is defined by
j2J

(5] ifa € [by,d;)

16 =
@ 0 otherwise.

Here, for every j € J and every a,d’ € [b;,d;) with
a < a the maps I — ]IZ’;, are the induced maps on
homology restricted to [(;], respectively.

The following theorem by Dey et al. [14] relates
persistent cycles to persistent bases.

Theorem 1 ( |14] Theorem 1|). Let J be the indexing
set for the intervals in the barcode B,(F) of filtration
F. Then, an indexed set of p-cycles {(; | j € J} is a
persistent p-basis for a filtration F if and only if (; €
R([b;,d;)) for every j € J.
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3 The “,—radius metric

Given a complex K, let Z,(K) denote its p-th cycle
group, B,(K) its p-th boundary group and H,(K) its
p-th homology group with Zs coeflicients. Given a cycle
¢, our goal is to define a non-negative weight function
w : Zy(K) — R* on the cycles in Z,(K) and compute
a minimum-weight (optimal) cycle ¢ in its homology
class [(], that is,

¢ €argminw((). (1)
¢2[c)

We show that the /o-radius is an alternative natural
geometric objective function defined on cycles that
guarantees tractability. Let P be the vertex set of
K. Then, Ky denotes the subcomplex of K induced
by a subset V' C P. Extending this notation, we say
a complex is induced by a sphere S, if it is induced
by the subset of vertices of P that are enclosed by S¢,,
(including on the sphere). Let the complex induced by
Sc.r be denoted as K.,. We define a weight function
r: Cp(K) = RY, & r(§) where

r(§) = min{d € € Gy(Kep)}. (2)

In words, r(€) is the radius of the smallest Euclidean
sphere whose induced complex in K contains &.

We now define an /o-radius measure for intervals in
a barcode. For an interval [b,d) € B,(F), we define
r([b, d)) as the radius of the smallest sphere that encloses
a subset of vertices V' of K, that induces a subcomplex
Kl‘f C Kp, which supports a representative cycle for
[b,d). Equivalently,

r((b,d)) = _min - r(C), (3)

C2R([b,d))

where in Equation , the radius function r is restricted
to the subcomplex K; C K.

4 Computing optimal homologous cycle

Following Equation , we define an optimal cycle ¢

in the class [(] by requiring ¢ € argming, (C). The
cycle { represents an optimal localization of the class
[¢] with respect to the fy-radius. We consider the

following Optimal Homologous Cycle problem:

Given an p-cycle ¢ € Z,(K), compute an optimal
cycle ¢ in [¢] and (¢ ).

Remark 4.1. To compute the optimal homologous cycle,
it is sufficient to look at the minimum circumspheres
of all k-subsets of points P = V(K), where k €
{2,...,d + 1}, and check if the circumsphere encloses

a cycle homologous to the input cycle. When the
dimension d of the complex K is fixed, the search
terminates in polynomial time. This describes a trivial
exact algorithm which was found to be too expensive in
our experiments in spite of polynomial time complexity.

Remark 4.2. By restricting the centers of the spheres in
Equation to the the sites P = V(K) (vertices of K)
yields a 2-approximation of f3—radius as follows: let S
be a sphere that minimizes ¢>—radius of a chain £ and
let v be a vertex on S. Then, a sphere of twice the
optimal radius centered at v encloses S, and therefore
also encloses £. We define r.(§) = min{d | £ € Cp(K.5)}
and rp(§) = mineops{0 € € Cp(Kes)}

Notations and Conventions. The notations and
conventions described are common to all the problems
in the paper. In our algorithms, a cycle (or a chain)
¢ is represented by a 0-1 vector in the standard chain
basis. That is, a p-cycle ( is represented by a vector ¢
where ([i] =1 (¢[i] = 0) if a p-simplex o; is (not) in the
support of . We often use cycle vectors of subcomplexes
in computations involving cycles and boundaries of
larger complexes. To ensure that we are working with
vectors/matrices of the right dimensions, we make the
following adjustment. For complexes L C K, the
inclusion map L — K induces maps Z,(L) — Z,(K)

for every p. A cycle € in L is mapped to a cycle £ in
K with £[i] = £Ji] for simplices o; € L, and &[i] = 0
for simplices o; € K\ L (using standard chain basis).
Likewise, a matrix M of cycle vectors of L can be treated
as a matrix of cycle vectors M of K by padding zeros
in the rows corresponding to the simplices in K\ L. We
call such cycle vectors & and matrices M, the extensions
of £ and M in K.

Let K be a simplicial complex, K ¢ R¢. For any v €
R? we can define a total ordering <, on the simplices
of K as follows. If o7 is a face of o9 or r,(01) < 7(02),
then o1 <, o3. Otherwise (when r,(01) = r,(02) and
o1 is neither a face or coface of g9), ties are arbitrarily
broken. If ( = 01 + ...+ 0, such that o1 <, ... <,
os, then we define k(¢) = o5. Further, we extend this
ordering to chains as follows: If (1, (2 € C,(K) such that
G=o01+...+05, =0l +...+ohwitho; <, ... <,
s and 001 <y - =<y UOSO, then (1 <, (o if 05 <, O'OSo
ie. k(¢1) < k(C2). Note that r,(¢) = r,(k(€)). The
ordering <, induces a simplex-wise filtration on K which
we denote by D, (K).

The standard reduction algorithm |[3] is used in many
of our algorithms as subroutines. For completeness, we
present an outline of the algorithm and recall some facts
arising out of it in Appendix [C] Algorithm [I] relies on
the following proposition (Proof in Appendix [C)).

Proposition 4. Let {1 <, ... <, (s be the essential

p—cycles of D,(K) computed using standard reduction.
Let ¢ be a p-cycle, [¢] # 0 € Hy(K), such that { = (i, +
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oo o4 Gy + O0cpy1 where each ¢, € {C1y ..., (s} and cpyq
is ap+1 chain. Ifiy < ... <ipm then r,([C]) = ro(Gin)-
In particular, Gy, + ... 4 G, € argmingo(¢) 74 (§).

We now describe a 2-approximation algorithm for
Optimal Homologous Cycle for an input cycle
(¢ by optimizing with respect to rp. For each site
v, the algorithm invokes the subroutine optimal-
hom-cycle-forsite (Line of Algorithm (1)) which
computes 7,([¢]) = minz{r.(n)} and ¢, €
argmin,zc{r,(n)}. Finally it reports the minimum
among all sites and the corresponding optimal
homologous cycle. Procedure optimal-hom-cycle-
forsite is motivated by Proposition[d] It first sorts the
simplices of K based on distance from v. The ordering is
monotonic, that is, faces gain precedence over cofaces.

In this way the ordering <, and hence the filtration
D, (K) is defined. Let (1 <, ... <y G be the essential
p—cycles of D, (K) computed using standard reduction.
As noted before we consider cycle vectors to represent
the cycles. To compute the linear combination of
cycles {¢;} which is homologous to ¢, we solve for the
system of equations [(; ... (s | Bp(K)].z = . (We invoke
subroutine SolveByReduction which solves Az = b
over Zs, using standard reduction as a subroutine.
Refer to Appendix [C] Algorithm [5] for definition of this
routine). If 41,...45,71 ..., J; is a solution where indices
i1,...15 correspond to cycles in {¢;}7,) and ji...J
correspond to boundaries in B, then by Proposition
Gip + -+ Gig € argmingo(ejfr, (5)g-

Remark 4.3. Algorithm [1] runs in O(|P|N3), where N
is the number of simplices in K.

5 Optimal homology basis

A set of p-cycles {¢1,...,(s} (B = Bp(K)) is called a
homology cycle basis if the set of classes {[¢1], ..., [Cs]}
forms a basis for H,(K). For simplicity, we use the term
homology basis to refer to the set of cycles {(1,...,{s}.

Definition 5. A p—homology basis {(i,...,(n} will
be called a minimum p—homology basis (p > 0)
with respect to a non-negative weight function w :
Z,(K) — R, if for all p—homology bases ¢}...¢%,
W([Ga]) + -+ () < WD) + - + w(E]) and
each (; € argmin,z(¢;) w(n)

We consider the following Optimal Homology
Basis problem.

For a given p > 0 compute a minimum p—homology
basis with respect to the weight function 7.

Algorithmdescribes a 2f3,-approximation algorithm
for Optimal Homology Basis by computing a

Algorithm 1: Computing optimal homologous
cycle for given set of sites

Input : K, (e Cp(K)

Output: rp([¢]),¢ (Optimal homologous cycle)

1 Procedure OptHomologousCycle

2 | rp([¢]) =00, ¢ 0

3 for v € P do

4 ro([¢]), ¢,
Optimal-Hom-Cycle-ForSite(v)

5 If 7,([¢]) is less than the current value of
rp([C]), then update rp([¢]) with r,([¢])
and ¢ with ¢,

6 Procedure Optimal-Hom-Cycle-ForSite(v)

7 > Description: Computes r,([¢]) =

minnz[d Ty (77); Cv € arg minnZ[{] Ty (77)

8 Define <, on K. Compute D, (K)

9 Compute the essential cycles of D,(K) by
standard reduction. Let (1, ..., (,, be essential
cycles ordered with respect to <,.

10 Compute the p**boundary matrix of K,
denote it by B,,.

11 Assemble matrix 9 = [(1, ..., Gm | Bp]

12 Solve 0.z = (. Invokes(
SolveByReduction(9,()). Let

i1y ,05,J1,- -+, J¢ be the solution where
i1,...,is < m (indices that correspond to
cycles in {¢;}7,) and 41 ...J: > m ( indices
correspond to boundaries in B),.)

13 CUHCZ‘1+...+C¢5.

14| m((c)) e 1o(C,)
15 Return r,([¢]), ¢

v

minimum homology basis with respect to rp by
restricting the centers of minimal spheres to sites. To
compute the minimum homology basis M from £,
(see Line [5)) standard reduction is performed on 9 =
[Bp(K)|©Q]. We examine the columns of the reduced
matrix 9 from left to right. For every non-zero column
i that is an index from €2, we add the corresponding
cycle in Q to M. Algorithm 2| runs in O(|P|N3). See
Appendix for a proof of correctness.

6 Optimal persistent homology basis

We now consider a filtration of a simplicial complex K
with the aim of studying an extension of the problem to
persistent homology [19]. We introduce the Minimum
persistent homology Basis problem:

Given a filtration F of complex K, compute a
persistent p-basis A, = {{; |7 € [|Bp(F)|]} that
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Algorithm 2: Optimal homology basis for sites

Input : Complex K CR?, p >0

Output: A minimum homology basis with
respect to rp

Procedure Opt-hom-basis-for-sites(K,p)

For each v € P, define <,,. Using standard

reduction compute the essential p—cycles of

the filtration D, (K), denote them by

Cv,la ) Cv,m~

3 Let Q = {(y,i}v2r1 i m- Sort the cycles in

so that if 7,(Cy;) < 740((wo,0) then ¢, ;

precedes (o0 in Q. If (3 <y (o 00, then (y 5

precedes (, 0 as well. Ties are broken

arbitrarily. Denote this ordering on 2 as <q.

N B

4 M « 0.
5 for ¢ in the ordered list €2 do
6 Let 11, .. .1, be the cycles currently in M.
7 if [¢] € span{[m],-..[nx]} then
8 L Discard ¢ and continue.
9 else
10 | Add ¢ to M.
11 | Report M as a minimum homology basis.
P. i
minimizes r(A,) = Jiipl(':” r(¢i)-

Theorem [I| states that for computing an optimal
persistent homology basis it suffices to compute the
minimum representative of each bar. Formally, an
optimum representative of a bar [b,d) is a cycle { €
arg min, >R (v,a)){rr(n)}-

Algorithm [3] computes an minimum representative of
a input bar [b,d) € B,(F) for a simplex-wise filtration
F of K with V(K) = P with respect to rp. For each
site v € P the subroutine Opt-Pers-Cycle-Site is
invoked which computes (, € argmin,sr(p,d){7v(1)}
Finally the minimum (p = argmin,z2p{r,(¢,)} among
all sites is reported. Similar to Algorithm [I] a filtration
D, is defined on Kp. The essential p—cycles Y = {{1 <,

. =<v Gn} of Dy(Kp) are computed using standard
reduction. We then compute the smallest ¢ > 0 such
that 3¢ € span{C,...,}, € € R([b,d)). If o, was
added at index b of F and « is the index of the first
cycle in Y containing o, then update Y by adding Y,
to all other cycles containing o,. This ensures that only
a single cycle now contains o;,. Denoting these cycles of
Y \ {¢o} by Y? and the first i cycles of Y? by Y?,, it
suffices to check if [B,(Kq4) |Y ;). = Y, has a solution.
This is determined in Line [15| with a binary search over
i€[l.m—1].

The proof of correctness of Algorithm [3| can be found
in Appendix [C.2] It runs in O(|P|N?log N).

Algorithm 3: Computing optimal
representative of bar of persistence wrt rp.
: K, F(simplex-wise filtration), [b,d) €

B, (F)

Output: (p([b,d)) € argmin,sp por([p,a){170(1)}
1 Procedure Opt-PersHom-Rep(K, F, [b,d))
2 rp([b,d)) < 00,(p([b,d)) « 0
3 for v € P do
4 Ty (Cv)’ Cv —
Opt-Pers-Cycle-Site([b,d), v)
if r,(¢,) < rp([b,d)]) then

L re([b.d) + 70(C,) Cp([b,d)) < ¢,

7| Return rp([b,d)),Cp([b, d))

Input

8 Procedure Opt-Pers-Cycle-Site([b, d),v)
Define <, on K;. Compute D, (Kp)

10 Compute the essential p-cycles
(1 <y - <o Gn of Dy(Kp) using standard
reduction

11 Y < (1, .., G- (Y is a matrix of m columns,

the column Y; is the cycle-vector of (;). Let «
be index of first cycle in Y containing o

12 Add cycle Y, to all other cycles in Y
containing oy, resulting in matrix Y.

13 Assemble matrix Y? by dropping the ot®
column of Y. Denote by Y, the first i
columns of Y.

14 04 < Bp(Kq)(04 is empty if d = o0)

15 Compute the smallest ¢ € [1..m — 1] such that
[04]Y?,].x = Y, has a solution.

16 Let bq,...,b¢,11, ..., 15 be the solution
computed by the previous step where by, ..., b;
are indices in 9, and i1, ...,4i5 are in Y,

17 | (Y Y Y

18 Return ¢,,7,(¢,)

sls

7 Experiments

We report results of experiments on real world datasets
with a focus on computing cycle representatives of Hi.
These results demonstrate the utility of the ¢s—radius
towards the identification of meaningful representatives
of homology classes. We consider three applications:
localizing individual 1-cycles, optimal 1-homology basis
computation, and minimum persistent 1-homology basis
computation. Computing the exact fs—radius via an
enumeration of all circumspheres is expensive. So, all
experiments were conducted on implementations of the
approximate algorithms described above.

We implement a heuristic to minimize the length
of the cycle representative while preserving its radius.
Essentially, we replace one of the paths P between
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two vertices in the cycle with the shortest length path
between them if it is homologous toP. This heuristic
results in smoother and shorter cycles for all datasets.
This also addresses the issue with the non-unicity of the
" ,-metric in the sense that in our experiments we always
nd tighter cycles within a sphere when there are several
homologous cycles of varying lengths within a sphere.
All experiments were performed on an Intel Xeon(R)
Gold 6230 CPU @ 2.10 powered workstation with 20
cores and 384GB RAM running Ubuntu Linux. The
algorithms were parallelized using Intel Thread Building
Blocks (TBB). The PHAT library [3] |was used in all
routines that invoke the standard reduction algorithm.

Figure 1: (top) The localization algorithm computes
optimal (blue) 1-cycles that are homologous to input 1-
cycles (red). (bottom ) Minimum 1-homology basis.

Homology localization. Given an input simplicial
complex representing a surface and a 1-cycle, we
compute a localized cycle that is homologous to the
input cycle. Figure top) shows two input cycles
(red) and their localized versions (blue) for the Happy
Buddha dataset. We can visually infer that the localized
cycle computed by our approximate algorithm is close
to the optimal cycle.

Optimal homology basis. Figure @(bottom) shows
the optimal homology basis computed for two 3D
models. We observe that the cycles are tight and
capture all tunnels and loops of the model. Results on
additional datasets are available in Appendix[D.

Optimal persistent homology cycle. We report
our results on three classes of lItrations: Rips, lower
star, and Delaunay. Figure B (a,b) shows the

(a) Lorenz'63(60%) (b) Lorenz'63(80%)

(c) Retina (d) 10ED
Figure 2: The green persistent 1-homology cycles
computed by our algorithm are tighter than the red (or
yellow) cycles computed by PersLoop [15].

Lorenz'63 data set for 60% and 80% densities and
the representatives of the longest and the top two
longest bars, respectively, of a Rips ltration. These
are of relevance in simulating weather phenomena [29].
Figure 2 (c) highlights the representative of the longest
lived bar for a lower star Itration on a retinal image [23]
with a retinal disorder. The cycle represents the region
of the disorder. Figure 2(d) highlights representatives
of the top two bars of an alpha complex on a protein
molecule (PDB-ID: 10ED). Cycles computed by our
algorithm (green) appear tighter than those computed
by PersLoop (red or yellow).

Execution time. Our algorithms are parallelizable

if the optimization subroutines for each site can be
executed independently. We obtain fast running times
( few minutes) for moderate to large-sized datasets
( millions of simplices) for all algorithms, see Table 1.

Data set #Simplices | Execution time
Lorenz-63(60%) 2 1P 120s
Lorenz-63(80%) 3 1 120s

Retina 5 10° 140s
10ED 25 10° 130s

Table 1: Mean time to compute optimal representative
of each of the top-40 bars in the persistence barcode.
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A Persistent homology

In this section, we provide the basic de nitions for persistent homology, and the usual distances used in this context,
namely, the interleaving distance and the matching distance.

Given a nested sequence of simplicial complexes indexed owi; Z, or R, persistent homology of this sequence
captures how a homology class evolves over the sequence. Formally, Ietdenote one of the poset categoriebl, Z,
or R. Given a nite complex K, let K denote the set of all possible subcomplexes & including the empty one. A
P-indexed ltration of K isamapF : P | K thatsatises F(a) F (a°% for every pair of indicesa;a’ 2 P with
a a% In this case, F takes a sequence of real numbers

aQ a &
to a nested sequence of simplicial complexds,, K
F: ) Kgyp !t Ka ! Ky !

Using p-th homology groups of the complexes over the eldZ,, we get a sequence of vector spaces connected by
inclusion-induced linear maps:

HpoF © 1 Hp(Ka) ! Hp(Ka) ! Hp(Ka,)!
For any pair a;;a;, let i :Hp(Ky)! Hp(Kg ) denote the linear map (internal morphism) induced by the inclusion
Ka; ! Kja . The sequenceHF with the linear maps is called apersistence modulewhich satis es the following two
properties : (i) for any triple & & acin P,one hasix = jx i and (i) i is identity for each & 2P.

Let b;d2 P. We de ne the interval [b;d) as
[b;0=fa2Pjb a<dg:

There is a special persistence module called thiaterval module 119 associated to the interval [b; d). Denoting the
vector space indexed ata 2 P as|,, this interval module is given by

( .
D) — Z, ifa2[b;d
a 0 otherwise

together with identity maps idaao : 189 1 159 for all a;a2 [b;d) with a &
It is known due to a result of Gabriel [21] that a persistence module de ned with nite complexes admits a
decomposition

M .
HF = 1P d) 4)

which is unique up to isomorphism and permutation of the intervals. The intervals[b ;d ) are called thebars. The
multiset of bars forms the barcode of the persistence moduleH,F . Let By(F) denote this barcode for the Itration
F.

A.1 Interleavings and matchings for persistence modules

We need the following concept of interleavings between persistence modules in order to establish a stability property
for the so called ", radius for Cech ltrations. To make the discussion accessible to a computer science audience,
we strip the presentation o its original category-theoretic formulation, and instead provide a more concrete and
accessible description.

De nition 6  ( -shifts of persistence modules) Let be a non-negative real number, and letP be a persistence
module with internal linear maps given by ,.40. Then, the -shift of P, denoted by P , is given by P, = Py« with
internal linear maps  ,,0=  a+ a0+ -

De nition 7 ("-interleaving). Let P and Q be two persistence modules indexed over the real numbers and with the
internal linear maps as a.a0 and 440 respectively. We sayP and Q are "-interleaved if there exist two families of
mapsFa : Py ! Qa+» and G, : Q! P44+ satisfying the following two conditions:

1. a+va0er Fa=Fa gaoand aivgqo0er Ga = Gao  aa0 [rectangular commutativity]
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2. Ga++ Fa= gaa+2-andFaer Ga = aa+2+ [triangular commutativity]

APy — Pas —/8 — Jig:

a+2"

> S8 S

Q::i:i—1Qa —— Qas gQM

Some of the relevant maps for interleaving between two modules are shown above whereas the two parallelograms
and the two triangles below depict the rectangular and the triangular commutativities respectively.

a0 a+"a O+
/P —/an+
\ \ / G,o
Qa+ o Qa0+ /an
a;a +2 " /Pa+2
Qa+ = Qa+2

De nition 8  (Interleaving distance). Given two persistence moduled? and Q, their interleaving distance is de ned
as
di (P;Q) =inf f"jP and Q are "-interleavedg:

Remark A.1. In De nition 7, the family of maps fF, j a2 Rg assemble to give a magF : P! Q , and the family
of mapsfG, j a2 Rg assemble to give amagG : Q! P.

De nition 9  ( -shift of a family of maps). Suppose there exists a family of map& : P! Q. Then, a shift of F by
, denoted by F , gives a new family mapsfF, = Fa+ ja2 Rgfrom P to Q .

We now de ne the notion of -matchings between two barcodes.

De nition 10  ( -matching of barcodes) Suppose that we are given two barcodes (which are multisets of intervals)
X and Y. Then, a matching M betweenX and Y is a collection of pairsM = f(i;j)ji 2 X;j 2 Yg such that each
i and j occur in at most one pair.
Let U(M ) be the collection of intervals in X [ Y that do not appear in any of the pairings of M .
For pairs (i;j) 2 M , wherei = (b;d andj = (b%d9, dene c(i;j) = max(jb Bj;jd dY) and for intervals
i =[b;d 2U, dene c(i) = % Then, the cost of the matching M , denoted by ¢(M ), is de ned as follows:
|

cM)=max  sup c((i;j)); sup c(i)
(i5)2M i2U (M )
Finally, we say that M is an -matching if ¢c(M )

B Approximate stability for “,-radius

We now study notions of stability for weight functions that serve as objective functions for intervals in a barcode.
We limit the discussion to Cech ltrations, while noting that similar de nitions can be derived for other commonly
encountered ltrations like Rips or lower star.
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B.1 Stability of weight functions on intervals

We recall the notion of Cech complexes before proceeding to introduce some new de nitions of our own concerning
stability of weight functions on intervals.

De nition 11  (Cech complexes) Let P be a nite point set in RY. Let D,y denote a Euclidean ball of radiusr
centered atx. The Cechcomplex of P for radius r is the abstract simplicial complex given by

\
G(P)=1X Pj Drx 6 :9:
x2X

The Cech ltration of P, denoted by C(P), is the nested sequence of complexé<£; (P)gr o, whereCs(P) G (P)
for s t. We use the notation B (C(P)) to denote the barcode ofC(P).

De nition 12  ( -perturbations of point sets). We say that Q is an -perturbation of P realized through a bijective
map f , if f maps points in P to points in Q such that kp f (p)kz

De nition 13 (Weight functions on persistent homology bases) Given a ltration F, and ap-th persistent homology
basis ,(F) of F, a function that assigns a positive real number to every cycle in ,(F) is called aweight function
on the p-th persistent homology basis ,(F) of F. In this case, the (total) weight on ,(F) is simply the sum of
weights of basis cycles.

De nition 14  (Weight functions on persistent barcodes) For a ltration F, its p-th barcode Bp(Fe), a persistent
p-homology basis p(F)=f 1::: j ()8 and a weight function s on (F) dened ass( P(F)) = {:{(F)' s( i),
a weight function w on B(F) is de ned as:

w(Bp(F)) = mi(nF) s( p(F)) where ,(F) is a persistentp-homology basis forF . (5)
p

If ;(F) is a persistentp-homology basis of minimum weight in Equation (5), then the weightw([b; d) for an interval
[b;d) 2 By(F) is de ned asw([b;d) = s( ?) where 7 is the representative for[b;d) in J(F).

De nition 15  (Stability of weight functions for Itration families) . Suppose that we are given a weight functionv
on barcodes of a family of ltrations. Then, for a point set P, an associated Itration of complexesFp and for real
numbers ; 0, we sayw is (; )-stablefor an interval [b;d) 2 B(Fp) with (d b) > 2, if for every -perturbation
Q of P with an associated Itration of complexes Fq, there exists an -matching M between the intervals of B (Fp)
and the intervals of B (Fq) such that if the length of the interval M ([b;d)) > 2 then

jw(b;d) w(M ([b;d))j 2:

Furthermore, if w is (; )-stable for all intervals of B(Fp), then we say that w is (; )-stable for the point setP.
Finally, if wis (; )-stable for every point set embedded in a Euclidean space, then we say that is (; )-stable for
the ltration family .

De nition 16  (Instability of weight functions) . Given a family of ltrations F, and a weight function w de ned on
the persistent barcodes of lItrations belonging to F, we say that the pair (F;w) is unstable, if for every ; > 0,
there exists ltrations Fi;F, 2 F such that the barcodes ofFi;F, 2 F admit an -matching while satisfying
jw(F1)  w(F2)j >

In Figure 3, we provide an example depicting instability for the weight function given by length of 1-cycles. While
this is not the same as the ", radius, we maintain that similar counterexamples can be designed for', radius as
well. We leave out the details here. In particular, it is easily seen that™, radius is an unstable function for Cech
[trations.

B.2 Approximate representatives and bases

Given the inherent instability associated to the ", radius, we formulate a slightly weaker notion of stability for the
5 radius. To state the result, we need a few de nitions.

De nition 17  ( -approximate representatives) For an interval [b;d with (d b) > 2, a cycle is said to be
an -approximate representative for [b;d), if is a nontrivial cycle that is born at B2 [b ;b + ] and dies at
d°2[d ;d+ ], and the class[ ] is nontrivial in Kg for every s 2 [b% d9).
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Figure 3: Two 1-cycles ; and , appear at time (index) 1 and 2 respectively. In the upper lItration, the green
triangles appear at time 3 lling up the annulus and the golden triangle appears at time 4 giving rise to the bars
[2; 3) and [1; 4) with the minimal (lengthwise) persistent cycles 1+ , and ; resp. In the lower ltration the golden
triangle comes rst and green triangles next giving rise to slightly perturbed bars[1;3) and [2;4). Their minimal
persistent cycles change to; and »,, resp. suggesting that the cycles may change considerably with respect to the
length function.

Recall that in Section 4, we provided a de nition for the ", radius function r for intervals de ned on chains and
cycles of all subcomplexes of a compleK, whose vertex set is embedded in a Euclidean space. We now provide a
de nition for an approximate variant of this function.

De nition 18  ( -approximate radii of intervals). As an approximation of the radius function de ned in Equation (3),
we now de ner ([b; d) for aninterval [b;d 2 B(C(P)) with d b > 2 to be the radius of the smallest Euclidean sphere
that encloses all the vertices of some-approximate representative cycle ofb; d). In otherwords, r ([b;d) =min r( ),
where is an -approximate representative cycle for[b; d).

In Appendix B, we prove the following stability theorem (Theorem 2 restated as Theorem 4 with a proof) by
building on techniques developed by Bjerkevik [1].

Theorem 2 (Approximate stability for ", radius) . Let P be a point set embedded in a Euclidean space aflbe an -
perturbation of P. Then, there exists an -matching M betweenB (C(P)) and B (C(Q)) such that if [0% d% = M ([b; d))
and both[b; d), [B% d) have lengths greater thar2 , then

2 (b;d) rd)+
2 (B5dY)  r(b;d)+ (6)
Note that, as per De nition 15, we would have (; ) stability for *, radius, if there exists an -matching M that

matches intervals[b; d) 2 B(C(P)) of length greater than 2 to intervals [b%d% 2 B(C(Q)) of length greater than 2
satisfying

r(b;d) rFdN+ ;
r(hd))  rbid)+ (7

In this sense, Theorem 2 is an approximate version of, radius stability.

We now build towards a proof for Theorem 2. To begin with, let P be a point set embedded in a Euclidean space,
and let Q be an -perturbation of P realized through a bijective map between point sets denoted by . We denote the
inverse off by g. Let P =f ;; 5;:::; ,g be a persistent homology basis foiC(P), and let Q = fz;;25;:::;zm 0
be a persistent homology basis folC(Q).
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Then, it is easy to check that for everys 2 R, the map f induces a simplicial mapfs : CGs(P) ! GCs+ (Q).
Furthermore, the map fs induces a map on the respective cycle groupk? : Z (Cs(P)) ! Z (Cs+ (Q)) as well as a
map fs : H (Gs(P)) ! H (Cs+ (Q)) on homology groups.

Similarly, for every s 2 R, the map g induces a simplicial mapgs : Cs(Q) ! Cs+ (P), which in turn, induces
a map on the respective cycle groupg? : Z (Cs(Q)) ! Z (Cs+ (P)) as well as a map on homology group$s :
H (G(Q)! H (Gt (P)). Moreover,gs+ fs=id,andfsy gs=id for everys2 R.

We de ne persistent modulesP and Q as follows.

M M )
P = i = I
i2B (C(P)) i2B(C(P))
i 2R (i)
M M .
Q = 17 = I
i2B(C(Q)) i2B(C(Q))
zj 2R (j)

For somej =[h;d;) 2 B(C(Q)), let zy 2 R(j). Then, gbj ([z ] is a class inCy + (P). Since P is a persistent
homology basis forC(P), (i]bj ([z 1) can be written as follows.

X
8, (z]) = i Ll (8)
i21
In Equation (8), |  [n] indexes a subset of the representative cycles for the intervals iB (C(P)), and the coe cients
i 2 Zo.
Ji 2
We dene Gj; : 1% | P as follows.
X
ij(|§’): jii |S‘Jr for s2 [q;dj)i

i2l
By linear extension over all intervalsj 2 B(C(Q)), we obtainamapG: Q! P.

Symmetrically, let ; 2 P be a representative cycle for someé = [b;d;) 2 B(C(P)). Then, f’I)i ([ i]) is aclass in
Co+ (Q) Thus, f, ([ i]) can be written as follows.

X
o iD= i (] 9)

j23

In Equation (9), J [m] indexes a subset of the representative cycles for intervals iB (C(Q)), and the coe cients
ii 2 Zs.
] 2

Wedene Fji:1 7! Q as follows.

X _
Fii(lg) = i 19, fors2[h;d):
j23d

By linear extension over all intervalsi 2 B(C(P)), we obtain a mapF : P! Q.

It is easy to check that the mapsF and G consitute an -interleaving between modulesP and Q. This is a simple
consequence of the fact thatgs. fs=id,andfs. gs =id for everys2 R.

Let{":1!, Pand {jQ 2171,  Q denote the canonical inclusion maps, and let 7 : P | and jQ O B
denote the canonical projection maps.

For the morphism F : P! Q, we haveFji = F {f. Now, let Fj; = ( jQ) F {". Likewise, for the morphism
G:Q! P,wehaveGjj=G {2 Now,letG;=( ) G {

Let :P! P denote the collection of maps whose restriction td> gives the internal linearmap 1+ P! Pt .
For an interval summand I’ of P, let i denote the collection of maps whose restriction td} gives the internal linear
map e+ jpocle! T .

Using the fact that 2 =( iP)2 2 {P, we can write

X
= G. ..
i2B(C(Q))

Fi;ji (10)
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Moreover, becauseP is a direct sum of interval modules, fori 6 i° we obtain

Py2 2 4P X
(o) {i Gj.io Fij
i2B(C(Q))
0: (11)

De nition 19  (( i); ( A)). Forintervals i 2 B(C(P)), we de ne

€)= fj2B(C(Q)): I and Il are -interleavedg, and
(i)=fj2B(C(Q)):1"and ! are -interleaved and either i; 60 or j; 60g:

For a collection of intervals A B(C(P)), we de ne

[ [
fA= g1 and (A= (i)

i2A i2A
De nition 20  (( j); ( A)). Forintervals j 2 B(C(Q)), we de ne

€ j)=fi2B(C(P)): I and ! are -interleavedg, and
(j)=fi2B(C(P)):I"and ! are -interleaved and either i; 60 or j; 60g:

For a collection of intervals A B(C(Q)), we de ne

[ [
§A)= &) and (A= ()

i2A i2A
Remark B.1. From De nitions 19 and 20 we make the following observations.
28 A)n(A) =) ij =0 and ;; =0 foralli2A:

i2¢A)n(A =) ij =0 and j; =0 forallj2A:

Remark B.2. The sets§ A) is equivalentto (A) as de ned in Botnan's lecture notes [6][Section 13.2]. The rationale
behind de ning ( A) and ( A) is to ensure that the representative cycles of perturbed sets can be linearly related.
Refer to Remark B.5,Theorem 4 for additional details.

We now recall some elementary propositions from Botnan's lecture notes [6]. The proofs for Propositions 21 to 23
can be found in Section 13.2 of [6].

Proposition 21.  For a morphism %: |[Prd1) 1 |[®2:d2) "if b, > by or d, > d4, then %is zero. On the other hand, if
b, by andd, di, then % is determined by%, for t 2 [by;d), in the sense that,% is nonzero if and only if %,
is nonzero.

Proposition 21 above says that the morphism%: [[Prid1) 1 [[b2d2) petween interval modules is completely
determined by the function value at by.

For aninterval i =[b;d), dene (i) = b+ d. Specializing Bjerkevik's arguments [1] to single parameter persistence,
Botnan [6] de nes the following preorder on single parameter interval modules:i j ifand only if (i) d)-

Proposition 22. Let i1.: [bg;dy), ig = [b@dg) and i?, = [bs;d3) be intervals suchA thatil i3. If there exist
nonzero maps%: I't I (1'2) and :1'2! (I'*) ,thenI'z is -interleaved with either I't or I's.

Remark B.3. When i3.= i1, the chtrapQSitive of Proposition 22 reads as follows: 112 is not -interleaved with Iz,
then either %: I'* I (1'2) or :I'21 (I'’) is a zero map.

Proposition 23.  Let iy = [by;d1), iz = [bp;d2) and iz = [bz;d3) be such that(d; by) > 2, (d3 k) > 2 and
i1 i3. If there exist nonzero maps%: 1't I (1'2) and :I'21 (I'3) , then %6 0.
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Remark B.4. It is worth noting that Proposition 23 applies only when i; i3. Wheni; > i3, there is no guarantee
that %is nonzero even wherfpand are both nonzero. Later, in Proposition 24, this has implications in how
Equation (16) is set up.

Proposition 24.  SupposeP and Q are -interleaved. Let A be a collection of intervals inP with length greater than
2. Then, jAj j ( A)j.

Proof. Let = jAjand = j( A)j. To begin with, order the elements of A = fiy;i,;:::;i g in non-decreasing
order of . Also, fori =[h;d) andi®=[ho;djo), we write i <i %ifand only if i~ i% Let ( A)= fji;j2;::::) O
Next, we obtain an expression for 2 as follows.
X
2 = G;; Fi; using Equation (10)
j2B(C
i X( (Q))
= G Fij using Remark B.3
J'2)$ A)
= Gi.i Fij using Remark B.1. (12)
i2(A)
Using the same observation, fori i% we obtain the following expression:
X X
Gj.io Fiyj = Gj.io Fijj using Remark B.1
i2 (A) i2€ A
j ‘%X)
= Gj.jo Fi;j using Proposition 22
j2B(C(Q))
= 0 using Equation (11): (13)
Using Propositions 21 and 23, Equations (12) and (13) can be written as
X
1 = ji iij and (14)
iZX( D)
0 = sio i fori<i® respectively. (15)

j2 (0

Putting Equations (14) and (15) in matrix form yields the following matrix equation, where the entries above the
diagonal in the right hand side matrix are unknown.

2 32 3

3 21 L
[T i EH EREE R 0O 1 :::
- ‘ O 0 .. .

jui i P R 00 1

Since the matrix on the right hand side is upper triangular with ones on diagonal, it has rankjAj. On the other
hand, the two matrices on the left have rank upper bounded by = j ( A)j. It follows immediately that jA] j ( A)j.

Proposition 25. SupposeP and Q are -interleaved. Let A be a collection of intervals inQ with length greater than
2. Then, jAj j ( A)j.

Proof. The statement of the theorem is symmetric to Proposition 25. Hence, we omit the details of the proof.

Remark B.5. Note that the proof of Proposition 24 closely follows Botnan's exposition of Bjerkevik's ideas for
constructing an -matching given an -interleaving between persistence modules using Hall's theorem. However,
there are three important di erences.
~ In our proof, it is vital to use the canonical -interleavings that are induced by the simplicial mapsfs and gs for
s 2 R as described in Appendix B. In Bjerkevik's approach an arbitrary -interleaving can be used to derive an
-matching. See Figure 4 for an example.
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Figure 4. Consider theCech ltrations on the point set shown in the top gure, denoted by P, which is -perturbed

to obtain another point set Q shown in the bottom gure. In C(P), the cycle on the left supported by the inner rim

of black grid points, and the cycle on the right supported by black points are born atb and die at d. Owing to a
-perturbation, where 1; > < ,in C(Q), the rst cycle is born at b+ ; and dies atd+ 3, whereas the second cycle

is born at b+ , and dies atd+ . If one uses Bjerkevik's approach to obtain a -matching, the bar [b; d) (top left)

may be matched to either the bar[b+ ;;d+ ;) (bottom left) or [b+ ,;d+ ;) (bottom right), whereas the bar [b; d)

(top right) may also be matched to either the bar [b+ 1;d+ ;) (bottom left) or [b+ 5;d+ ;) (bottom right). Thus,

a naive approach to -matching is not approximately stable as the radius values of the enclosing spheres of matched

representatives can be arbitrarily far apart. Our version of matching ensures that for this example[b; d) (top left)

is matched to[b+ ;d+ ;) (bottom left) and [b;d) (top right) is matched to the bar [b+ ,;d+ ) (bottom right).

~ While for Bjerkevik's result it su ces to establish the inequality jAj j § A)j, for our purposes it is necessary

to establish the stricter inequality jAj j ( A)j. In particular, we require that an interval i is matched only to
one of the intervals in ( i).

While Bjerkevik uses arbitary interval decompositions of persistent modules, we are required to use the
decompositions that come from xed choices of persistence homology bases. This has the following consequence:
even when the -interleaving maps F and G are canonical, the mapsF;;; and G;;; depend on how we choose
to represent the interval summands ofP and Q. SinceF;; and G;;; determine ( i) for every i, the underlying
bipartite graph to be matched is determined by the choice of representative cycles. This in turn has a bearing
on what kind of -interleaved interval summands of P and Q get matched.

Theorem 3 (Hall's theorem). Let G be a nite bipartite graph on setsU and V. For a subset of verticesu® U,
let Ng (U9 denote the subset o¥/ adjacent to U% Then, the following are equivalent:

~ forall U° U, jUY j Ng(U9j

" there exists an injective map{: U!, V such that{ maps every vertexa of U to a vertexb of V only if there is
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an edge (a,b) in G.

Let QF C QF be the cycles of QF that represent intervals of length greater than 2e. Likewise, let Q?E C Q¢
be the cycles of Q@ that represent intervals of length greater than 2e. Since P and Q are e-interleaved, combining
Proposition [24| and Theorem 3| we obtain two injections 2 : Qf < Q@ and 7 : QQQ6 — QF such that

1(¢;) =2zj == I% and I¥ are e-interleaved and either Fjj or Gj; is nonzero. (17)

J(z;) =¢ = I% and I are e-interleaved and either Fjj or Gj is nonzero. (18)

Corollary 26. There is a matching of representative cycles of C(P) with representative cycles of C(Q) such that
o All persistent cycles of C(P) and C(Q) representing intervals of length greater than 2e are matched.

o If a representative ¢; of C(P) is matched to a representative zj of C(Q), then T' is e-interleaved with B, and
either Fij or Gj s nonzero.

Proof. The proof is essentially a paraphrase of the proof of Theorem 13.14 in Botnan’s notes [6].

Construct a bipartite graph G = (V, E) with vertex set V = QF ~ Q®. The vertices of QF are colored red and the
vertices of Q¥ are colored blue. The edges of G are built from the two injections 2 : QF — Q9 and j: Qge — QF. In
particular, we have a directed edge ¢ e— z if and only if +(¢) = z, and a directed edge z e ( if and only if 5(z) = (.
It is easy to check that every connected component in G is either a directed cycle or a directed path.

The matching M is constructed as follows. For every cycle, pick alternate edges and include them in M. For every
directed path, pick the odd numbered edges and include them in M. As a consequence, all vertices incident on some
directed cycle are matched. Also, all vertices on directed paths of odd length are matched. The only vertices that
are not matched are the terminal vertices of paths with even length, and these terminal vertices are representative
cycles for intervals of length smaller than 2e. This shows that M is an e-matching.

Also, by construction of A(A) and T(A) as described in Definition [I9] we have a directed edge from interval i to j
in G only if they are e-interleaved and either Fjj or Gj,i is nonzero, which proves the second claim.

5 P
Proposition 27. For an interval [°,d") € B(C(Q)) represented by z;, let 9, ([z]) = i1 Kji - [Gi], where I indexes
a subset of representative cycles of C(P). Let Q = {(; | i € I}. Then, every cycle in the set Q dies at or before d + €.

Proof. Targeting a contradiction, suppose that there exists a partition of cycles Q = € LI Q25, where the cycles in
Q; die at or before d” + €, whereas the cycles in Qs die after d° + €. Then, Eqn. [§]can be written as
> X R
[w] = (Y] + 9y, ([23])- (19)
w2 Y291
First, note that gbj ([2;]) is trivial l&g d® + € because g is an e-perturbation and z; dies at d’. Then, at d® + ¢, the
class on the left hand side, namely, gy [w] is nontrivial because the cycles in y persist beyond d” + €, whereas
the class on the right hand side, namely, 5, v+ ij ([25]) is trivial at d®+ € because it is a sum of trivial classes.
This gives the required contradiction. Hence, every cycle in the set  dies at or before d® + e.

Theorem 4 (Approximate stability for £o—radius for Cech filtrations). Let P be a point set embedded in a Euclidean
space and Q be an e-perturbation of P. Then, the e-matching described in Comllary matches intervals of B(C(P))
to intervals of B(C(Q)) such that for every interval [b,d) € B(C(P)) with length greater than 2, if the interval
[, d) = M([b,d)) has length greater than 2e, then

r*“([b,d)) < r([t",d")) +e, (20)
r2([B°, %)) < r([b,d)) + e. (21)

Proof. We will only prove Equation . Equation v follows from the symmetry of the argument. Let 0@ =
{2k | k € [m]} be an optimal persistent homology basis for C(Q) and let QOF = {¢, | £ € [n]} be an arbitrary persistent

homology basis for C(P). Suppose that z;, a (optimal) representative cycle for the interval [b;,d;) € B(C(Q)), is
matched to (;, a representative cycle for the interval [b;,d;) € B(C(P)).
Recall that the matching in Corollary [26| guarantees that I% and [ are e-interleaved and either 7; ; # 0 or £;,; # 0.
If ki # 0, then we write g, ([z;]) as >
gy, (7)) = ki [l
21
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where as before, I indexes a subset of [n] and for £ = i, rj, # 0. Since I% is e-interleaved with I, b; € [b; —€,b; + €]
and d; € [d; — €,d; + €]. Then, using Proposition every cycle (; for £ € I dies at or before d; 4+ 2¢. Furthermore,
every cycle (y for £ € I is born at or before b; + ¢, and hence also at or before b; + 2¢. Therefore, gz (z;) is a valid
(and possibly optimal) 2e-approximate representative for ;. Since g is an e-perturbation, by triangle inequality,
r(g;f: (2j)) < r(zj) + €. Since the fy-radius of an optimal choice of 2e-representative for ¢; is upper bounded by

r(g;f(zj)), and is possibly even smaller than r(gz%(zj)), we have r2¢([b,d)) < T(g;f(zj)). Also, by definition, (z;) =
] g
r([boj, d")). This proves the claim when £, ; # 0.

On the other hand, if n; ; # 0, we write fbi ([¢:]) as
. >
F (G = mig - [zl (22)

k2J

where as before, J indexes a subset of [m] and for k = j, 0, ; # 0. Clearly, the cycles z for k € J are born before
b; + e. Furthermore, it is easy to prove along the lines of Proposition [27| that the cycles z; for k € J also dies before
d; + €. Rewriting Equation we obtain

[zl =i -m;; [zl + i) Sy, ([G]) where J" = J\ {j}.
k270

Applying g, , . to Equation gives

N 1 N N A
gbi+e([ZjD = Nik M5 ; gbi+e([2k]) + ni,jlgbi—i-e o fbi ([¢i])-
54
=ik i) Oy sc([26]) +m; ) ([G])-
E2J%
Here, J¥ C J' indexes cycles z; with & € J® for which Gy, +c([2£]) is not trivial. As before, g;fﬂ(zj) is a valid
(and possibly optimal) 2e-approximate representative for (;. Since g is an e-perturbation, by triangle inequality,
r(g;f +€(Zj)) < r(z;) + €. Since the fy—radius of an optimal choice of 2e-representative for (; is bounded from above

by r(g;f’i:e(zj))7 we have r2¢([b,d)) < 7“(917;7:+ (2)). Therefore, for n; ; # 0, we have
r([b,d) < (g (2)

r(z;) +€
(b7, d") + .

IN

Approximate stability for /;—radius for Rips complexes As before, let P be a point set embedded in a
Euclidean space, and let Q be an e-perturbation of P realized through a bijective map between point sets, denoted
by f. Also, let g be the inverse of f. Then, it is easy to check that for every s € R, the map f (resp. g) induces
an inclusion induced simplicial map fs : Vs(P) = Vsi2(Q) (resp. gs : Vs(Q) = Vsiac(P)). Moreover, the map fs
(resp. gs) induces a map on the respective cycle groups f# : Z (V4(P)) = Z (Vs12.(Q)) (resp. g7 : Z (V4(Q)) —
Z (Vsiac(P))) as well as a map fs : H (Vs(P)) = H (Vs12:(Q)) (resp. gs : H (V5(Q)) = H (Vgi2:(P))) on
homology groups.

The proof strategy in Appendix [B] can be repeated more or less vertbatim to obtain the following result for Rips
complexes. We leave out the details.

Theorem 5 (Approximate stability for ¢o—radius for Rips complexes). Let P be a point set embedded in a Euclidean
space and Q be an e-perturbation of P. Then, there exists an 2e-matching that matches intervals of B(V(P))
to intervals of B(V(Q)) such that for every interval [b,d) € B(V(P)) with length greater than 4e, if the interval
[, d) = M([b,d)) has length greater than 4e, then

ri(b,d)) < ([t d)) + e,
e, d)) < r([b,d)) + e.
Remark B.6. The astute reader may have noticed that statements analogous to Theorem [4] can be obtained for many
commonly encountered filtrations including Delaunay and lower star. To obtain the respective statements for each of

these filtrations, the changes required to the proof of Theorem [ are routine, and hence we do not discuss the topic
of extensions of Theorem [4] any further.
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C Correctness of Algorithms

In this section we give proofs for the correctness of algorithms stated and other associated results. The standard
reduction algorithm [3] will be used in many of our algorithms as subroutines. We begin by outlining the standard
reduction algorithm (Algorithm [4]) and recalling some facts that arise out of it. For any matrix 0 with entries in Zo
we define low(j) to the row index of the lowest 1 in column j of 9. It is undefined if column j is 0.

Remark C.1. For a n x m matrix standard reduction runs in O(n?m) time.

Algorithm 4: Standard reduction algorithm for matrix reduction [3|

Input : Matrix 9 with m columns and entries in Z R
Output: 9( the reduced matrix), V' (a collection of cycle-vectors). d has the property that low(j) is unique
for every non-zero column of 9. If 0 is the boundary matrix of a filtration and if 41,...ig are the

unpaired column indices then cycle vectors represented by V;,,...,V; are the essential cycles of the
filtration
1 Procedure StandardReduction(0)
2 V1,
3 for j =1 tom do
4 while there exists jo < j with low(jo) = low(j) do
5 Add column 9;, to 0;
6 L Add column Vj, to V;
7 for j =1 tom do
8 if 0; # 0 then
0 | pair (low(j), j)
10 Return V

For complex K and the filtration D, let (1,...,({s be the essential p—cycles computed by the standard reduction
algorithm with x((1) < ... <y #((s). The essential cycles form a basis of the p'* homology of K that is, [¢1], ..., [Cs]
form a basis of H,(K). Let d be the boundary matrix corresponding to D, and d be the reduced matrix. If 9;
is 0 and 7 is a paired index then the cycle V; is a p—boundary in K. If j is an index in the filtration where the
simplex 7 appears and K; the subcomplex consisting of all simplices till index j of the filtration, then the cycles
Zj ={V;|iis an index that corresponds to a p-simplex, 9, =0,i< j} form a basis of Z,(K;).

We now state a few propositions that follow from the standard reduction algorithm.

Proposition 28. Let V; € Z; be a p-cycle. Assume that i is a paired index, that is, V; is not an essential cycle. Let
Vies ..., Vig be the essential p—cycles in Z;. Then [V;] € span{[V;,],...,[Vi]} in Hy(K).

Proof. Let ji,...,j: = i be the paired indices < i. Assume j; < ... < ji. We proceed by induction on ¢.
Since j; is paired there exists a p—boundary d; such that low(dj) = ji. Therefore low(dj + Vj,) < ji and so

Op + Vi, € Zp(Kjy 1) But Zp(Ky, 1) C span{V;y,..., Vi } and so [V},] € span{[V},],...,[Vi]}. For ¢t > 1 argueing
as before we have 5]-2 + Vi, € Z,(Kj. 1). But Z,(Kj, 1) C span{Vi,,...,Vie,Viy,...,Vj, .} and so by the inductive
hypothesis [V},] € span{[V,,],.. ., [Vi.]}

Proposition 29. Let {§ <, ... <, (s be the essential p—cycles computed by the standard reduction algorithm for
D,(K). If ¢ € Z,(K) be such that ¢; <y ¢ <y Gy then [C] € span{[¢i]. .. [G]}-

Proof. (; <, ¢ <y Gr1 = K(G) <o &(C) <y K(Gi41). Let 7 = k(¢) and j be the index where T appears.
Z; O {(1,...¢} forms a basis of Z,(K;). Write ¢ = a1(1 +. ..+ a;{; +b where b is a cycle spanned by Z; \ {¢1,...¢}-
By proposition [28|for each £ € Z; \ {1, ... G}, [€] € span{[Ci] . .. [G]} in Hp(K).

Proposition 30. Let (1 <y ... <y (s be as in Proposition [29 Let ¢ be a p-cycle, [(] # 0in Hy(K). such that
¢ = Ciy + -+ Gy + Ocpr1 where each ¢, € {(1,...,¢(s} and cpy1 is a p+ 1 chain. If i1 < ... < iy, then
7o ([C]) = 70(Cin)- In particular, G, + ... + iy € argmingz(e) 74 ().
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Proof. First note that «(¢;;) <y .. <o £(Cir). S0 70 (Ciy + oo+ Ciny) = 10(k(G)) = 76(Cr ). We prove by

contradiction. Let ¢ € argmin,zirn. If 7,(¢) < r(Gi) = k(() <v K(Gm) = (¢ <v G- By the
Proposition 29| we would have [é] € span{[¢1]...[¢i,, 1]} But by assumption [é] = [Ciy]+ -+ [Cin]-

Algorithm 5: Solve with Reduction
Input : A(Z; matrix), b(Zs vector)
1 > computes a solution to Ax = b if one exists
Output: If x is the solution computed, returns the indices of x equal to 1, returns false if no solution exists.

2 Procedure SolveByReduction(A4,b)

3 C < [A]b]. Let s be the index of the last column of C

4 V + StandardReduction(C). Continue to denote the reduced matrix by C.
5 if Cs =0 then

6 Let ji,...,jq be the row indices of V; that are 1. soln < {j1,...,54 1}

7 L Return true, soln

8 else

9 L Return false.

C.1 Optimal Homology Basis

Proposition 31. Let (i,...,(n be the cycles in M such that ¢; <q ... <q Cm. Let (8, ..., ¢" be any collection
of cycles such that span{[({],...,[C%]} = Hp(K). Assume further that if rp([¢]]) < rp([C}]) then i < j. Then
rp(G) <rp([¢f]),1 <j<m.

Proof. Let (; correspond to cycle ¢, z,u € S in the list Q. Let @ = {n € Q|n <q ¢} and Q4 = {n € Q[ <o
nt U{¢}. Let [Q | = span{[n],n € Q }. First note that rp([(;]) = ru((;), for if u € argmingogr,([(;]) and
say Cj = Cu by + -+ Cu kg T W, Cu B <u - =<y Gy 7kq,b° € By(K), then ¢, 5 <o Cu k- (This is because if

Cu kg € =[Gl €[ ] But [] ¢ [Q ]). Thus 74(C, ;) <7 (Cu kg) = Tp(fgjj})-

Now assume the contrary, that is, rp([Cg»]) < rp([¢j]. Let v € argmin,og rv([Cg]). Let ¢§ = Coig + -+ + Cusia + 0,

where b € B,(K) and (4, <o -.. <v Cv,is By Proposition rv([Cg}) =1y (Cis) = TP([CJO'D. Tp([CgD <rp(¢] =

To(Coiy) <7P(¢), 1 <1 <s. We have Cyiy,. .., Coie € Q . Clearly dim([Q ]) = j — 1. The classes {[¢}],...[¢} ]}
cannot all be in [Q ] as [¢}] € [ ] and the classes {[¢]],...[¢}]} are assumed to be linearly independent. Let ¢}, k < j

be such that [(}] ¢ [ ]. Let w € argmingzg 7, ([C}]). Let ¢§ = Cujy + - - - + Cuwje +° where 8’ € B, (K) and (. j; <w

coo 2w Cwje- Then [(] € Q = C(uj € Q4. In particular, rp([(Y]) = rw(Cwje) = () = mp([¢]) > rp([Cg])
This violates the assumption that the cycles {¢!} are ordered by 7p([¢Y]).

C.2 Minimal Persistent Homology Basis

In the following propositions we assume a simplex-wise filtration F on K, O is the corresponding boundary matrix,
[b,d) € B,(F) and oy is the simplex added at index b of F.

Proposition 32. If w is a cycle in Ky such that oy is incident on w then w is not a boundary in Ky 1.

Proof. Let Jg be the boundary matrix corresponding to F, * be the reduced boundary matrix after applying
standard reduction on Jr and V be the output cycle vectors. For any j that corresponds to an index in F the
non-zero columns of & with index < j form a basis for the boundaries of K;. Let p(o) be the index in F where
the simplex ¢ appears. For a cycle ¢, let p(¢) = max,2¢ p(0). Since w € Z,(Kp) and 0, € w = p(w) = b. Since

F is simplex-wise a death index d can occur in at most 1 bar. Therefore #a boundary &3;,i < d with p(&3;) = b.
Since all non-zero columns &3; have unique values of p, if 7 is a boundary that is a linear combination of cycles
{&3;},i < d, then p(n) # b. It follows that w is a not a boundary in Kgq 1.

Proposition 33. Let (1 <y ... <y Gn be the essential p—cycles of D,(Kp) computed using standard reduction.

Let & € argminorpanire(m}. If [£] € span{[Gi],...,[G]} in Hp(Ky), then 3¢ € span{(i,...,G},¢ €
arg min, >R ((p,a)) {7 (1) }-
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Proof. Let £ = a1(i + ... + a;(; + b where a; = 1 and b € B,(K;). Then x(§ ) 4, k() for otherwise by
Proposition 29 we would have [¢ ] € span{[¢1],...,[¢; 1]} in Hp(Kp). It follows that ¢ =¢& +b=a1(1+...+ai(; €
arg miny >R ((b,a)){7(1) }-

Correctness of algorithm Algorithm [3| correctly computes a representative of the input bar [b, d) as the cycle
contains o, and is a boundary at K;. By appendix[C.2]it is not a boundary in K4 1. By proposition 33| the subroutine
Opt-Pers-Cycle-Site correctly computes ¢, for each site v.

D Further Experimental Results

D.1 Homology Localization

Our localization algorithm is robust to these inputs and produces cycles that correspond to the relevant geometric
features in the 3D models. We can visually infer for the Wheel and Happy Buddha datasets that the localized cycle
computed by our approximate algorithm is nearly equal to the optimal cycle. Note that even though the input
cycle spans both tunnels in the Happy Buddha dataset, the localized cycle is a sum of the two disjoint cycles. These
experimental results demonstrate how the localization algorithm may be utilized as a supplement to existing methods
that compute cycle representatives.

Figure 5: The localization algorithm computes optimal (blue) 1-cycles that are homologous to input 1-cycles (red).
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D.2 Optimal homology basis

Figure 6: Optimal 1-homology basis computed using the localization algorithm.

D.3 Optimal Persistent Homology Representatives
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Figure 7: (a)Persistent homology representative of longest bar bounding a region of disorder in the retinal image.
(b) Representatives of few of the top-most bars indicating regions of disorder in the retinal image. (c) Top 2
representatives of the Lorenz’96 dataset(20%)
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