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Abstract This article presents a robust Morse theory-
based framework for segmenting 3D x-ray computed
tomography image (CT) and computing the fabric, rel-
ative arrangement of particles, of granular ensembles.
The framework includes an algorithm for computing the
segmentation, a data structure for storing the segmenta-
tion and representing both individual particles and the
connectivity network, and visualizations of topological
descriptors of the CT image that enable interactive ex-
ploration. The Morse theory-based framework produces
superior quality segmentation of a granular ensemble as
compared to prior approaches based on the watershed
transform. The accuracy of the connectivity network
also improves. Further, the framework supports the effi-
cient computation of various distribution statistics on
the segmentation and the connectivity network. Such
a comprehensive characterization and quantification of
the fabric of granular ensembles is the first step towards
a multiple length scale understanding of the behavior.
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1 Introduction

Understanding of the mechanical behavior of geomateri-
als from the micro-scale (i.e., inter-particle interactions)
to the macro-scale (or, continuum scale) has significantly
benefited engineering of physical infrastructure. Such
an understanding straddling multiple length scales has
established beyond reasonable doubt that the ensemble
mechanical response is an integration of the arrange-
ment and interaction of individual particles in geomate-
rials such as sand, clay, structured sand, and structured
clay [46, 34, 7]. Numerical techniques such as discrete ele-
ment methods and imaging experiments using x-ray com-
puted tomography (CT) have enormously contributed
to this understanding of geomaterial behavior. Prior to
use of x-ray CT, fabric and microstructure studies were
limited to only two-dimensional packing [33, 34]. Access
to CT has enabled extraction and quantification of the
three-dimensional fabric and its evolution under different
stress paths [11, 49, 20, 21, 3, 16, 1]. Within the overall
workflow of quantification of fabric of soils, the method
used for image segmentation crucially determines the
quality of the results. In this paper, we present a novel
approach for segmentation based on Morse theory, which
is a branch of topology that studies the relationship be-
tween the connectivity of spaces and scalar functions
defined on them. Crucial to the goal of quantification
of fabric, this Morse theory-based approach simultane-
ously supports a data structure that efficiently stores
both the segmentation and the connectivity network
that represents the inter-particle arrangement.
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1.1 Previous work

Fabric Quantification. Initial quantification of the
fabric of sands using CT techniques has been reported
by multiple authors [2, 3, 16, 24, 26]. More recently, the
fabric of weakly cohered glass-ballotini has also been in-
vestigated [44, 43]. The basic premise of this CT-based
analysis of fabric is the collection of images through
the cross-section of a laboratory or natural sample, and
concomitant image segmentation and analysis. Segmen-
tation refers to the process of labeling or identification
of different phases or objects present in the image. In
this study, images of weakly cemented granular materi-
als captured through x-ray CT are analyzed. The small
amount of epoxy present mediates the contact between
particles. Air voids present in this ensemble, are also
segmented.

Once the particles and contacts are identified, the
inter-particle arrangement is studied by computing the
coordination number distribution, or more commonly by
computing a fabric tensor. The fabric tensor is a mea-
sure of the orientation distribution of the particles [32].
Characteristics of the fabric tensor and its formulation
have been enumerated in recent work [43].

Watershed-based segmentation. In previous work,
including the above-mentioned studies, variants of the
watershed algorithm [30, 37] have been typically used
to segment the particles and to identify the contacts
(or epoxy bonds). These watershed-based algorithms re-
quire as input a scalar field that contains, in its topology,
exactly one catchment for each particle i.e., the presence
of exactly one field minimum / maximum corresponding
to each particle. Further, [48] show the contact orienta-
tion obtained through conventional and random walker
based watershed implementation is either error-prone
or computationally expensive.

The watershed algorithm identifies and labels each
catchment (particle) and its ridge line (epoxy bonds).
The segmentation method begins by first binarizing the
volume image corresponding to a particle-void gray level
cutoff. Following this, the binarized particles are tested
to ensure that they do not contain inherent flaws such
as regions of low attenuation intensity. Next, a distance
transform is applied on the complementary image to
obtain a scalar field such that each particle contains
exactly one maximum. Due to the irregular shape of the
particles, the distance transform generates one dominant
peak and several small peaks. These small peaks are
removed by applying the h-maxima transform, which
suppresses all the maxima (peaks) that are lower than
the specified tolerance [45]. An appropriate threshold for
the h-maxima transform is chosen manually by an expert
user. This transform provides exactly one maximum for

each particle. Next, the field is inverted such that each
particle contains exactly one minimum. The labeled par-
ticles are computed by applying the watershed algorithm
to the inverted modified distance field. This algorithm
progressively fills the basins defined by each minimum
from below by uniformly raising the “water level”. Wa-
ter from two adjacent basins meet along their common
boundary, the separating ridge, that passes through the
contact region. Figure 1 illustrates the different steps in
the watershed-based approach and contrasts it with our
proposed Morse theory-based approach thereby high-
lighting the benefits of the latter.

An important limitation of the watershed technique
is that it fails for non-convex shaped particles, partic-
ularly those that contain a neck, and results in over-
segmentation. A carefully chosen threshold for the h-
maxima transform addresses this problem to some ex-
tent. However, a single threshold uniformly applied to
the entire scalar field fails to capture all possible cases
and the method often results in over-segmentation. Also,
the quality of the result naturally depends on the manual
choice of threshold for the h-maxima. Other extensions
and variants have been proposed [50, 26] to handle the
over-segmentation problem. These methods either rely
on a single absolute user-specified threshold or adaptive
local application of watershed, which is computationally
inefficient and expensive.

Topology-based segmentation. Topological frame-
works like discrete Morse theory [17] and persistent
homology [13] enable effective tools for the study and
analysis of scientific data due to their ability to robustly
extract shape and structure even in the presence of
noise [19, 18, 6]. The physical properties of porous and
granular materials are closely related to the geometry
and topology of the material structure. So, topological
methods have been found to be useful in the study of
diverse phenomena within this domain, ranging from
the crystallization process in bead packings [38] to per-
meability in sandstone [22]. Persistent homology-based
pipelines have been used for summarizing essential struc-
tural properties [38, 25] and Morse theory has been used
to extract robust geometric representations of the ma-
terial structure [19, 36, 10]. Robins et al. [36] and Frei-
drichs et al. [10] first described the benefits of discrete
Morse theory for the segmentation and skeletonization of
3D images, including an application to the computation
of the pore network of a silica sphere pack from 3D CT
scan data. The focus of their work is on computing the
Morse-Smale (MS) complex and hence the other steps
of the CT scan analysis pipeline such as the boundary
surface computation and geometry extraction are not
discussed. Further, the use of a manually selected sim-
plification threshold results in the lack of an intuitive
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Fig. 1: Visual comparison of the watershed-based and the proposed Morse theory-based approaches to process and
analyze 3D CT data. The comparison helps identify key differences between the two method pipelines in terms of
computation, output, and supported analysis. The unified data structure retrieved from the MS complex supports

various analysis tasks.

choice or guide for selecting noise simplification thresh-
olds. Gyulassy et al. [19] also adapted Morse theory in
their pipeline to extract the core filament structure of
porous materials. Their curved skeleton-based represen-
tation is computed by carefully simplifying a distance
field in order to identify and extract features of inter-
est from the MS complex. They are able to identify
consistent and stable core structures of porous solids,
thus extracting meaningful results about the material
properties. Their method design exemplifies the benefits
of adapting Morse theoretic ideas to fit the context of
an application focused pipeline.

Our method falls into the category of Morse theory-
based approaches that aim to study material packing
structures, but it is distinct from previous work on three
essential points. First, our proposed method packages
the benefits of discrete Morse theory as a part of a
comprehensive and coherent pipeline for analysis of CT
images with the objective of computing a robust geo-
metric representation of the granular material structure.
Second, the pipeline is designed to support a smooth and
convenient end-user experience with intuitively tunable
parameters that generalizes well to diverse use-cases.
Third, our focus is on the study of the material phase of

the packing structure of granular materials as opposed
to the study of pore spaces in earlier work.

1.2 Contributions

This paper presents a new Morse theory-based frame-
work for computing, storing, and exploring the fabric
in geomaterials. We apply this framework on x-ray CT
images of a mono-dispersed steel sphere packing for
benchmarking and on an epoxy bonded sand packing
to demonstrate its utility and advantages over existing
approaches. The framework incorporates a new method
for segmentation, introduces a new connectivity network
that supports further statistical analysis, and a visual-
ization tool that supports interactive exploration of the
granular ensemble, see Figure 1. Key contributions of
this paper include

— A robust algorithm for computing a segmentation
of a 3D x-ray CT image. The segmentation is rep-
resented as the Morse complex of the scalar field
corresponding to the CT image. Further, the algo-
rithm is amenable to parallel computation.

— An effective method for simplification and noise
removal. A topological persistence [15, 13] based
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method removes both geometric and topological
noise resulting in the desired segmentation. The
method enables both a flexibility in the choice of
integrated geometric and topological criterion for
simplification and an intuitive choice of threshold
for the criterion.

— An improved boundary surface computation method
that constructs the necessary input for the segmenta-
tion algorithm. An active-contour [8] based method
computes an optimal boundary surface of the parti-
cles in the packing. The surface is locally adapted
to the best separating scalar value and is thus free
of the assumption of a single global threshold.

— A unified data structure for storing both the segmen-
tation and contacts. The data structure representing
the Morse complex supports fast queries. Further,
it enables efficient noise removal while guaranteeing
consistency in the topological relationship between
the segments.

— Construction of a geometrically meaningful connec-
tivity network between contacting particles in the
packing. The arcs of the network adapt to the ge-
ometry of the particles and are guaranteed to lie
within the packing as they connect particle centers
and contacts, thus accurately representing the pack-
ing structure even for complex non-convex particle
geometries.

— An effective method for visualizing the segmentation
and the connectivity network. The segmentation,
contacts, and connectivity network are visualized
via high quality rendering of the cells of the Morse
complex.

Experimental results demonstrate that the segmentation
results are superior to watershed-based methods, both
in terms of segmentation quality and identification of
contacts. The proposed method is suitable for both
simple and complex CT granular datasets with non-
convex morphology, and has the potential to generalize
to broad range of particle sizes including those with
particle breakage.

2 Challenges

In this section, we describe the main challenges faced in
the process of analyzing 3D CT images using existing
techniques. These challenges serve as the underlying
motivation for the design of our approach.

Characteristics of reconstructed CT data. Recon-
structed 3D CT images of granular ensembles can be
very challenging to process because of the reconstruction
artifacts, noise, and irregular geometry of the particles.
The x-ray CT scans suffer from noise and artifacts, the

incompatibility between the reconstructed values and
their attenuation densities, due to the inconsistencies in
x-ray source (polychromatic source), object (cylindrical
shape of the object), detector, and reconstruction algo-
rithm [23]. Figure 2 shows the reconstructed volume and
a representative slice of the epoxy-bonded sand speci-
men. The background intensity and the reconstructed
values of sand particles vary across the specimen due
to artifacts and noise. The reconstructed image is af-
fected by beam hardening — the average reconstructed
values of air, epoxy, and sand are significantly higher
near the periphery than the central region. The partial
volume effect results in dark streaks near the periphery.
We also observe occasional low reconstructed valued
regions in sand due to flaws within the particles that
manifest into intra-particle voids after thresholding. Fur-
ther, the epoxy and pore air have similar attenuation
coefficients that, together with the background noise,
makes the segmentation of the epoxy phase challenging.
In addition to reconstruction-based artifacts, the actual
geometry of the particles in the packing too can often
be highly non-convex, irregular, and show great vari-
ation in shape, size, and volume. This combination of
artifacts and diversity in particle geometry necessitates
specifically designed segmentation techniques that are
not only inherently robust but make no assumptions
about the particle geometry and distribution of noise.

Manual selection of boundary surface. A watershed-
based segmentation method begins by computing a sur-
face that bounds the particles. Otsu’s method is the
popular choice of boundary surface extraction method.
It often reports a surface that fails to accurately capture
the geometry of the packing. One approach to address
this shortcoming is to manually explore the histogram
of values in the CT scan and fine tune the choice of
isosurface that represents the boundary surface. This
manual approach, in addition to being tedious, may
still fail to correctly capture the packing geometry. For
instance, we highlight one such situation in Figure 3,
where a volume rendering of the CT scan with a well
tuned color and opacity map is used to illustrate the dif-
ference between the actual particle geometry and what
is identified by a carefully selected isosurface. Further,
we also observe that isosurfaces corresponding to dif-
ferent isovalues capture the correct packing geometry
within different regions of the CT data. This indicates
that a single uniform choice of isosurface is not sufficient
to model the boundary surface geometry. An incorrect
boundary surface has the potential to grossly affect
downstream analysis, making it difficult to compute
accurate segmentation and contact information.

Simplification and noise removal. The tendency
of watershed-based segmentation to over-segment non-
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Fig. 2: Left: Direct volume rendering of CT scan of a sand sample using a grayscale color map and opacity which
increases linearly with the CT intensity values. Note how the particle boundaries are not clear and there is noise in
the data. Moreover, the sand particles have varying intensity, and some imaging artifacts appear as horizontal
bands of varying intensity values. Right: A cross section of the CT volume highlights similar issues. Additionally,
imaging artifacts at the periphery of the sample is apparent.

Fig. 3: Left: Direct volume rendering of the CT data using a fine-tuned color map. Right: Manually selected
isosurface guided by a histogram. Notice how the isosurface does not agree well with the CT data, specially in the

region enclosed by the red box.

convex geometry necessitates the employment of region-
merging heuristics such as the h-maxima transform. The
h-maxima transform requires the user to select the de-
sired depth value up to which local maxima are to be
suppressed. A good manual choice is essential for achiev-

ing good results. However, this choice of parameter is
tedious and unintuitive. It is often difficult to choose a
parameter value with a high level of confidence because
evaluating the effect of this choice requires the compu-
tation of the entire segmentation followed by statistics
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(¢) h-maxima threshold=2.0

(d) h-maxima threshold=3.0

Fig. 4: In the watershed-based approach to segmentation, it is challenging to identify a “correct” h-maxima threshold.
Note how the chosen threshold affects the final segmentation. Often, this threshold is chosen using a trial-and-error
process. In some cases, the threshold identification is guided by prior knowledge of the sample, say the expected
particle size or expected number of particles in the sample.

on the segmented particles. Further, small changes in
h-maxima value may result in large variations in the
segmentation, which implies that approximate solutions
may not be satisfactory. In Figure 4, we illustrate the
watershed segmentation of a granular ensemble at dif-
ferent h-maxima thresholds. Note how relatively similar
h-maxima parameter values result in different segmen-
tation results.

Network extraction. The natural step after comput-
ing the segmentation and a set of contacts between par-
ticles is to construct a connectivity network. To achieve
this, the particles associated with each contact are iden-
tified by searching within the neighborhood (26 pixel

connectivity) of each contact. A simple network, where
connectivity of particles is represented by straight lines
between particle centres that share a contact, is used to
represent the packing. This is an abstract representation
and does not represent the geometry of the contact or
connectivity.

3 Background

This section reviews the necessary mathematical back-
ground for the topological methods described in this
paper. We introduce terminology and key concepts on
Morse functions, MS complex, and topological simplifica-
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I ﬁii‘ ‘w "

(d)

Fig. 5: Morse complex and its cells. (a) A synthetic scalar field shown using pseudo colors. Points identified as
mazima are shown as red spheres. (b) Morse complex partitions the domain of the scalar field based on descending
manifolds of maxima. (c) A pair of adjacent maxima are highlighted, their descending manifolds are shown in
yellow and green. The 2-saddle at the interface of these two maxima is shown as a blue sphere. The descending
manifold of this 2-saddle is the grey surface at the interface between the descending manifolds of the two maxima.
The bold black line is the ascending manifold of the 2-saddle which also connects the two maxima. (d) The integral
lines within the descending manifolds of the two maxima. Notice how these lines converge towards the two maxima
and form a separation surface around the 2-saddle. This structure and partition is robustly extracted using the MS

complex.

tion, which are required for understanding the definition
of our proposed connectivity network, the segmentation,
and particle extraction methods described in the next
section.

3.1 Morse function and Morse complex

Morse theory studies the relationship between the topo-
logical properties of a space and the critical points of
a smooth real valued function defined on the space.
We introduce the necessary terms from Morse theory
and refer the reader to books on this topic for further
details [28, 13].

Consider a smooth (twice differentiable) scalar func-
tion f : R® — R. A point p. € R3 is called a critical

point of f if the gradient of f at p¢ is zero,

prc = @; g; g = (]_)
ox @y 0z
The critical point pc is called non-degenerate if its Hes-
sian (matrix of second partial derivatives at pc) is non-
singular. The function F is called a Morse function if all
its critical points are non-degenerate and have distinct
function values. Any smooth function f can be infinites-
imally perturbed into a Morse function. The number
of negative eigenvalues of the Hessian corresponds to
the Morse index of the critical point. Critical points
of a three-dimensional function ¥ can be of four types:
minima (index-0), 1-saddle (index-1), 2-saddle (index-2),
and maxima (index-3). An integral line is a curve in R®
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whose tangent vector at a point on the curve is parallel
to the gradient of f at that point. The integral line
passing through a pointp is the solution to

@ .. _ .
or=rfLw);st2r )

with initial value L(0) = p. The function f monotoni-
cally increases or decreases along an integral line. The
end points of an integral line corresponding to the limits
ast approaches1 and 1 , its origin and destination
respectively, are critical points of f . The set of all in-
tegral lines originating at a critical point p. together
with p. is called the ascending manifold of p.. Simi-
larly, pc together with the set of all integral lines whose
destination is p; is called the descending manifold of
pc. Figure 5 shows a simple 3D scalar eld, its critical
points, and descending manifolds.

The descending manifolds (similarly, ascending man-
ifolds) of all critical points of f partition the domain
of f. This patrtition is called the Morse complex and
consists of cells of dimensions 0, 1, 2, and 3. The de-
scending manifold of a critical point with index i has
dimensioni. Therefore, the descending manifold of a
maximum is a three dimensional volume (3-manifold),
the descending manifold of a 2-saddle is a two dimen-
sional sheet (2-manifold), the descending manifold of a
1-saddle is a one dimensional arc (1-manifold) and the
descending manifold of a minimum is the minimum itself.
Conversely, the ascending manifold of a critical point
with index i has dimension3 i. We propose the use of
the Morse complex to represent the individual particles
and the connectivity network between the particles.

The overlay of the ascending and descending mani-
folds results in a ner partition of the domain of f called
the Morse-Smale complex(MS complex). Each cell of
the MS complex is a set of integral lines that share a
common origin and destination. The MS complex is a
well studied topological structure and there are several
e cient algorithms developed for computing hierarchical
representations of the complex 40, 42]. More important
in the context of this paper, the Morse complex can be
extracted directly as a subset of the MS complex.

3.2 MS complex computation

CT scan data is available as a 3D density image, which
can be modeled as a continuous scalar function de ned
on the vertices of a 3D cube grid and interpolated within
each cell. The cube grid represents the domain of the
scalar function. Ideas from Morse theory can be trans-
ferred to piecewise continuous functions to de ne critical
points [15] via local comparison of function values. Fur-
ther, a simulated perturbation ensures that neighboring

vertices do not have equal function values and hence the o
gradient is zero only at critical points. This perturba-
tion helps classify the critical points. Earlier algorithms
employed numerical approaches to compute the MS
complex and were a ected by the errors in the computa-
tion of interpolants and derivatives. In contrast, we use
combinatorial methods for MS complex computation.
We use a parallel algorithm based ondiscrete Morse
theory, which introduces a discrete analog of gradients s
as a directed edge between grid cells and computes inte-uws
gral lines as paths in a directed graph 40]. By avoiding
derivative computations, this method ensures robust- s
ness of the results. In addition, the method provides s
theoretical guarantees for the correctness of adjacency o
relationship between cells of the output complex.

The 3D cube grid represents the domain as a col- a2
lection of cells, acubical complex Voxels of the input
are vertices (0-cells) of the grid; edges, faces, and cubesus
are the 1-, 2-, and 3-cells. The parallel algorithm of s
Shivashankar and Natarajan B0 computes discrete rep- s
resentations of the ascending and descending manifolds .-
of the critical points of the function and supports oper-
ations for topological simpli cation as described in the
following section. The descending manifold of a max-
imum is a collection of connected 3-cells in the grid,
a volumetric region. The descending manifold of a 2-
saddle is a collection of connected 2-cells resulting in s
a surface. The descending manifold of a 1-saddle is anaz
arc consisting of a sequence of edges (1-cells) and theas
descending manifold of a minimum is a solitary 0-cell,
namely the minimum. The ascending manifolds are com-
puted similarly and represented as a collection of 3-cells
(minimum), 2-cells (1-saddle), 1-cells (2-saddle), and
0-cell (maximum).

398
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3.3 Topological simpli cation a1
A pair of critical points of f, that is connected via a
single arc in the MS complex, may be removed via a
critical point pair cancellation , resulting in a simpler
MS complex [L5, 14]. Morse theory guarantees the ex-
istence of a simpler functionf © corresponding to the
simpler MS complex. Pairs of critical points represent
topological features For example, the 2-saddle-maximum
pairs in Figure 5c represents the two volumetric regions
(yellow and green). We employ the critical point pair
cancellation for topological simpli cation, iteratively re-
moving small features that result from high frequency
noise or sampling artifacts in the CT scan. Two crucial
advantages of this approach are that (a) the algorithm
is combinatorial and does not su er from errors due
to numerical computation, and (b) it supports con-
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trolled simpli cation where the data outside of a local
neighborhood is not a ected.

The cancellation changes both the combinatorial
structure of the MS complex as well as the geome-
try of the ascending and descending manifolds of the
surviving critical points. In this paper, we focus on 2-
saddle-maximum cancellation because we are interested
in computing the individual particle segments. Let p,gs
represent a pair of critical points where the subscript
indicates the index of the critical point. First, p;; Gs;
and all arcs incident on them are deleted. Next, arcs
incident on ¢z are routed to the surviving maximum
that is connected to p, in the MS complex. Finally, the
geometry of the descending manifold ofz is merged
into the descending manifold of the surviving maximum
that was connected top,.

The order of the cancellations plays an important
role in determining the structure and geometry of the
resulting simpli ed MS complex. Intuitively, given the
aim of the simpli cation, the order should depend on
the importance or size of a feature represented by a
pair of critical points. While this importance can be
de ned in di erent ways, a commonly used and e ective
de nition is the di erence in function value between the
pair of critical points. We iteratively apply critical point
pair cancellation ordered by the di erence in function
value between the pair of adjacent critical points in the
MS complex.

3.4 Persistence diagrams and persistence curves

An important practical consideration is the choice of the
amount of simpli cation to be performed. The simpli -
cation threshold is de ned as the maximum di erence
in function value between the canceled critical point
pairs. This di erence in function value is also referred
to as the persistenceof a critical point pair. Visual rep-
resentations called persistence diagrams and persistence
curves are often used to aid the choice of a threshold
that separates noise from features of interest13, 9]. A
persistence diagramis a 2D scatter plot of the function
values of the canceled critical point pairs. Apersistence
curve is a graph plot of the number of surviving critical
points on the y-axis against an increasing simpli cation
threshold on the x-axis. A dense collection of points
very close to the diagonal in the persistence diagram
is visually representative of a set of noisy features. A
simpli cation threshold to remove such a collection of
critical point pairs can be computed by locating the
knee of the persistence curve, which corresponds to a
sharp change in the slope of the curve.

496

4 Methodology
In this section, we describe our method for the analysis a7
of 3D CT scans of material packing. The method rst
constructs a geometric and a topological structure a
segmentation of the packing into its constituent particles,
and a topologically accurate contact-based connectivity
network between the particles. The structures are con-
structed in two steps. First, we extract the material's
boundary surface and compute its associated distance sos
eld. Second, we use the shape and connectivity in-
formation as captured by the gradient of the distance
eld to inform the segmentation and network extrac-
tion. Figure 1 presents an overview of the method while
comparing it with the watershed-based approach and
Figure 6 illustrates the individual steps of the method
using a synthetic 3D dataset.

We begin with a description of the dataset followed
by the individual steps of the method.
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4.1 Dataset and preprocessing 514
We analyze a 3D CT scan of a packing of sand patrticles
coated with epoxy at the contacts. The packing has
a contact bound structure i.e., the cementation exists
only at the contacts in a skeleton of sand particles 44].
The scan has a dimension of 888 912 1360 voxels
with a resolution of 12.5 um per voxel. For the data to
t in memory, we rst downsample the scan by a factor
of 4 across each dimension. The downsampled image iss:
computed using a simple mean operation across 4 4
4 sized cubes. We then run our analysis algorithms sz
on the downsampled data of size 222 228  340.
Further, the epoxy bonds are not segmented separately s
due to the weak contrast in the reconstructed values s
of epoxy and pore air. However, this does not a ect s
the segmentation accuracy because the packing has asx
contact bound structure and the epoxy bonds form at
the particle contact.
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4.2 Boundary surface extraction

The material boundary surface is extracted using an s
automatic bi-modal threshold computation followed by
an iterative local re nement of the corresponding iso-
surface.

We use Otsu's method B5] to compute the thresh-
old for the initial boundary isosurface. Otsu's method
takes as input the 3D image and essentially searchesss
for an optimal threshold that divides the image into
two classes - foreground and background. Optimality, sa
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Fig. 6: Method pipeline. First, compute a bounding surface based on an automatically determined bi-modal
threshold and a local active contour-based re nement. Next, compute a signed distance eld from this surface and
the MS complex for this scalar eld. Simplify the MS complex via iterative cancellation of pairs of adjacent critical
points in the MS complex. The di erence in function value between the pair of critical points, called its persistence,
is used to determine the order of cancellation. The threshold for simpli cation is determined by analyzing the
persistence diagram. The segmentation is computed as the descending manifolds of the maxima in the simpli ed
complex. Apply geometry driven pruning to compute the connectivity network.

in this search, is de ned as a minimum intra-class vari- especially in regions where a locally better surface geom-sso
ance. While the Otsu threshold-informed isosurface is a etry is ignored due to the restriction and assumption of s
good starting point, attempting to pick a single scalar  a single globally optimal isovalue. We therefore employ ss:
threshold that minimizes intra-class variance globally a local re nement procedure using an active contour sss
for the two classes may result in a surface that is locally model to construct a better boundary surface. Active ss
non-optimal. Speci cally, a global threshold restricts  contour models apply local updates on an input surface sss
the search to isosurfaces of the function. The boundary to optimize a given objective function. In particular, ss
surface is not necessarily modeled well by an isosurface, we adapt the Chan-Vese method §], also known as the s
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Active Contours Without Edges (ACWE) method. The
ACWE method, as opposed to using a gradient based
objective function to extract a boundary surface, tries
to minimize intra-class variance both inside and outside
the surface within an iteration. The primary advantage
of the ACWE method is its ability to robustly handle
images with noisy boundaries without relying on nu-
merical and potentially unstable gradient computations.
We adapt the ACWE model to our setting by ignor-
ing the smoothness and rigidity terms in the standard
ACWE objective function to allow for sharp features in
the boundary surface. As a result, our model e ectively
minimizes the following objective:

Z
F(C,ci;c)= 1 if (xy;z) ©j?dxdydz
Insid%(c)
+ if (yiz)  cj dxdydz;
Outside (C)

where C is the surface in the current iteration, f is
the image intensity scalar function de ned at each voxel,
c:1 is the average intensity of voxels insideC, c; is the
average intensity of voxels outsideC, ; is the normal-
izing constant for initial number of points and range of
intensity inside C, and » is the normalizing constant for
initial number of points and range of intensity outside
C.

Our active contour framework successfully gives us
high quality particle boundary surfaces across packings
of a diverse set of materials and geometries.

4.3 Segmentation and connectivity network
computation

Next, we segment and compute the connectivity network
of the individual particles in the ensemble based on the
geometry of the extracted boundary surface. A popu-
lar two-step approach for segmenting connected regions
that touch each other rst computes a distance trans-
form from a bounding surface followed by a watershed
transform [37], described in section 1.1. In watershed
transform, the central point of the contact region be-
tween two catchment basins is a 2-saddle of the distance
eld. The 2-saddles are therefore natural representatives
of the regions of contact between two particles in the
packing. Watershed-based methods are however prone
to over-segmentation of non-convex regions. Such re-
gions may contain multiple local maxima of the distance
eld. So, it is necessary to design region merging proto-
cols that x the over-segmentation errors. In our work,
we achieve robustness and computational e ciency in

the two-step pipeline by using a fast Chamfer distance
transform [27] and the topological framework of the MS
complex. We use the MS complex for (a) characterizing
and computing the catchment basins and regions of con-
tact, and (b) to x over-segmentation using an elegant
combinatorial topological simpli cation procedure.

Initial catchment basin computation. The descend-
ing 3-manifolds of maxima of the distance eld corre-
spond to the catchment basins and aid in computing the
segmentation. We retrieve the set of all descending mani-
folds of maxima from the Morse complex of the distance
eld. The set of these descending manifolds, further
restricted to lie within the material boundary surface,
is a segmentation of the packing into its individual par-
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ticles. This step may produce over-segmented regions es

due to imaging noise or small variations in the distance
eld may introduce multiple local maxima within some
non-convex regions.

Topological simpli cation. Next, we apply topolog-
ical simpli cation to merge such regions and x the
over-segmentation. As described earlier, the topological
simpli cation proceeds through an iterative cancellation
procedure, canceling critical point pairs with persistence
below a given simpli cation threshold. In our method,
we restrict such cancellations to 2-saddle-maxima pairs.
Intuitively, the cancellation operation essentially merges
regions represented by low persistent maxima connected
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with the higher persistence regions. Persistence of a s

2-saddle-maxima pair, can be loosely de ned as the
di erence in function values, thus representing the dif-
ference between the radius of the contact (represented
by the distance value of the 2-saddle) and the radius of
the particle (represented by the distance value of the
maxima). High persistent pairs are therefore particles
where the contacts are much closer to the boundary sur-
face than the central points in the particles. Conversely,
low persistent pairs are particles where the width of
the contact is comparable to the width of the entire
particle thus implying that the particle may possibly be
over-segmented.

We select a persistence threshold for simpli cation
by identifying a knee in the persistence curve, a plot of
decreasing persistence values over all critical point pairs.
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The presence of a clear knee in the curve indicates a e

clear separation of features from noise. Following noise
removal via topological simpli cation, the quality of
the segmentation can be further improved based on
additional geometric criteria. For instance, we observed
over-segmentation in particles with high-width contacts
relative to particle size. We x it by using the ratio of
the distance eld values at the 2-saddle and maximum.
In particular, particles with the aforementioned ratio
greater than 0.75 were often found to be over-segmented
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and were thus merged with their neighbor particle, as
de ned by the 2-saddle.

Contact identi cation. A 2-saddle of the distance
eld with a positive value represents a connection be-
tween two contacting particles because the descending
manifolds of the maxima associated with the particles
meet at the 2-saddle. The ascending 1-manifold of the
2-saddle is therefore a steepest ascent arc connecting the
2-saddle to the maxima associated with the contacting
particles. The set of all ascending manifolds of 2-saddles
is thus a geometrically meaningful connectivity network
between the contacting particles in the packing. How-
ever, retrieving this entire set from the MS complex
results in a number of spurious and clustered 2-saddles
and multiple arcs connecting a pair of maxima. Since
multiple contacts may exist between a pair of parti-
cles, it is important to distinguish between the primary
2-saddles that represent the central point within a con-
tact region and spurious 2-saddles that are alternate
representations of a given contact region. We achieve
this by computing all explicit contact regions between
two connected particles and picking the saddle with the
highest function value from each such extracted region.

For each pair of particles, the contact regions are
computed by clipping the descending 2-manifold of the
highest 2-saddle. The descending 2-manifold is clipped
by the boundary surfacei.e., all 2-cells containing ver-
tices with distance value less than 0 are removed. The
connected components of the remaining 2-cells repre-
sent the contact regions. While extracting the connected
components, we mark the highest 2-saddle within each
component and retain its arc in the connectivity net-
work. We remove all other spurious arcs and therefore
extract a robust contact-based connectivity network for
the granular ensemble packing.

5 Implementation

In this section, we describe implementation details of
the proposed method and the practical experience of
executing the pipeline shown in Figure 6. We highlight
the uni ed data structure that supports e cient and
robust processing, and the principled simpli cation that
results in good quality segmentation. From a user's
perspective, executing the pipeline consists of three
main steps:

Boundary extraction. The rst step processes the
input CT image, computes and stores the boundary
surface that separates material from the surrounding
volume. The surface is stored as a distance eld, sampled
at the same resolution as the input CT image. The user
provides the CT scan as input and the software runs the

active contour optimization, automatically computing
the required parameters, and returns the distance eld. 7o

MS complex computation and simpli cation. The
second step processes the distance eld to construct the o7
MS complex, computes the persistence curve, and dis-7os
plays it to the user. Guided by the curve, the user selects o
an appropriate persistence threshold. An appropriate o0
choice is the knee in the curve as indicated in Figure 6. 7
The iterative cancellation based simpli cation directed
by a measure of importance such as di erence in scalar =3
function values simpli es all gradient based manifolds
consistently. The persistence curve is a succinct and s
abstract visual representations of the distribution of
extracted particle segments corresponding to a selected 77
simpli cation measure. It provides a data-driven process
to the user for selecting a simpli cation threshold. The
MS complex is simpli ed based on the selected thresh- 7o
old to separate scan noise and concave protrusions from 7z
potentially important features.

The resulting simpli ed MS complex is stored. All
ascending and descending manifolds are stored in ara
topologically consistent fashion. Speci cally, three types
of manifolds are computed the 3D descending mani-
folds of maxima that represent the segmentation into
individual particles, the 2D descending manifolds of
2-saddles that are processed to compute the contact re-rz
gions between particles, and the 1D ascending manifolds 7z
of 2-saddles that represent the connectivity network. 7a
The computed manifolds are stored in a uni ed data
structure that supports fast queries by separating the
storage of the connectivity of the MS complex from its
geometry. The nodes and arcs (0-cells and 1-cells) of the 7
MS complex are stored as a graph and the geometry is 7
extracted on demand. The data structure also enables 7
exible and e cient processing of the manifolds while
guaranteeing that the topological relationships between
the manifolds are maintained consistently. Speci cally, -
it supports global simpli cation of the MS complex to
remove noise and the local clustering of 2-saddles in the 7.
connectivity network using the contact regions.

The algorithms for computing the MS complex are
amenable to parallel computation and execute on multi-
core CPUs and GPUs resulting in small run times 0.
Note that seemingly time-intensive tasks such as com-
puting the persistence curve are executed e ciently in
our pipeline due to fast combinatorial algorithms that
require only the connectivity of the MS complex for
these steps.
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of the segmented volume together with associated parti-
cle centres. The contact information consists of contact
regions between a pair of particles and the associated
contact points. The connectivity network connects the
particle centers and contact points. This comprehensive
collection of structures can then conveniently be used
to facilitate user-desired downstream analysis.

In addition to the intuitive parameter-free pipeline,
the code is easy to install and execute. The core al-
gorithms used in the pipeline, including the boundary
surface and discrete MS complex computation are avail-
able from existing software packages47, 39, 29, 41]. We
further plan to release our source code in the public
domain for use by the community.

6 Benchmarking and Experimental Results

In this section, we present results and experiments to
validate our approach and illustrate the key bene ts
of our method compared to standard watershed-based
pipelines for the analysis of granular materials. The sec-
tion is divided into three main parts. We rst benchmark
our method by computing physically expected statis-
tics for a packing of mono-dispersed steel beads. After
validating our approach on a well-studied dataset, we
demonstrate the utility of the method for the analysis
of complex packing structures by processing a cemented
sand packing. We compute and visualize the segmenta-
tion and connectivity network for the packing and high-
light observed statistical trends. Finally, we compare
the quality of computed results and ease of computation
with a recent watershed-based pipeline for the analysis
of cemented granular materials §4]. All computational
experiments were performed on a workstation with an
Intel Xeon E5-1660 v4 @ 3.8 GHz processor with 8
cores, 128 GB main memory, and an Nvidia Quadro
P2000 graphics card with 6 GB RAM. As described ear-
lier, the MS complex is computed using a GPU parallel
algorithm [41]

6.1 Benchmarking: mono-dispersed steel sphere packing

We use the tomography scan of a packing of mono-
dispersed steel beads to benchmark our algorithm. We
compare physically expected statistics like the average
coordination number and diameter (in mm) in the pack-
ing to perform the benchmarking. The original scan has
a dimension of681 681 1004 In order to segment
this large volume, the analysis is carried out by splitting
the volume into ve blocks (1-201, 202-402, 403-603,
604-804, and 805-1004 along the height) and four in-

along the height). These blocks were chosen such that s

each patrticle is completely captured in at least one of
the blocks. The center of each particle was remapped
to the original volume and all duplicate entries and
partially split particles were removed. Table 1 presents
the average diameter and coordination number for both
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methods. The average diameters (0.98 mm and 1.0 mm) su

are consistent within the resolution (16 m ) of X-ray CT.
Theoretically, the average coordination number of a ran-
dom packing of mono-dispersed spherical particles with
in nite friction is known to lie in the interval [4,6], as
calculated using Maxwell counting f]. A deviation from
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813

814

815

816

the perfect spherical shape increases the average coordiz

nation number [12]. The average coordination number
in our computation (6.04 and 6.08) is close to the the-
oretical range and within the experimentally obtained
range [5].

Table 1: Comparing statistics for mono-dispersed steel
beads.

Diameter Coordination

(mm) number

MS Complex - High res.
(681 681 1004 098 6.04
Watershed - High res. 1.00 6.08

(681 681 1004)

We also study the e ect of data resolution by com-
puting the statistics for downsampled versions of the
data. We create a medium resolution (341 341
502) and a low resolution (171 171  251) version
by downsampling by a factor of 2 and 4, respectively.
Figure 7 shows the segmentation and connectivity net-
work for medium resolution. The average diameters were
found to be 0.96 mm and 0.91 mm for medium and low
resolution, respectively. The di erence from the actual
diameter increases with decreasing resolution (error in
the measurement), namely 32m (medium) and 64 m
(low). The average coordination numbers were 6.03 and
6.06 for medium and low resolution volumes. These re-
sults are also consistent with the watershed results at
the original resolution. This indicates that our method is
robust to downsampling for the computation of average
statistics.

6.2 Visualizations of extracted geometric and
topological structures

In this section, we demonstrate our proposed method's

termediate blocks (131-271, 332-472, 533-673, 734-874 potential for analyzing complex packing structures by
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