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Abstract The Jacobi set of a bivariate scalar field is the set
of points where the gradients of the two constituent scalar
fields align with each other. It captures the regions of topo-
logical changes in the bivariate field. The Jacobi set is a bi-
variate analog of critical points, and may correspond to fea-
tures of interest. In the specific case of time-varying fields
and when one of the scalar fields is time, the Jacobi set cor-
responds to temporal tracks of critical points, and serves as
a feature-tracking graph. The Jacobi set of a bivariate field
or a time-varying scalar field is complex, resulting in clut-
tered visualizations that are difficult to analyze. This paper
addresses the problem of Jacobi set simplification. Specif-
ically, we use the time-varying scalar field scenario to in-
troduce a method that computes a reduced Jacobi set. The
method is based on a stability measure called robustness that
was originally developed for vector fields and helps capture
the structural stability of critical points. We also present a
mathematical analysis for the method, and describe an im-
plementation for 2D time-varying scalar fields. Applications
to both synthetic and real-world datasets demonstrate the ef-
fectiveness of the method for tracking features.

Keywords Time-varying fields · Visualization · Jacobi set ·
Critical points · Topological simplification

1 Introduction

The relationship between scalar fields defined over a spa-
tial domain of interest corresponds to interesting phenom-
ena or captures application-specific features. For example, a
water mass in oceanography is defined by the temperature-
salinity (T-S) curve [27], fields such as pressure and wind
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speed are used to identify structural characteristics of a hur-
ricane [16]. This motivates the study of techniques for vi-
sualizing multifield or multivariate data [26]. Various struc-
tures have been introduced to analyze the relationship be-
tween multiple fields and specifically for bivariate fields,
such as continuous scatterplot [3], fiber surface [9], Reeb
space [20], Pareto set [28], and Jacobi set [17]. We restrict
our attention to the Jacobi set, a topological descriptor that is
a generalization of the notion of critical points to the multi-
variate setting. For a bivariate field, the Jacobi set is defined
as the set of points in the domain where the gradients of the
two fields align with each other.

This paper focuses on time-varying scalar fields that may
be represented as a bivariate field over space-time, where the
time function is one of the two scalar fields. The Jacobi set
of a time-varying scalar field represents the tracks of critical
points of the scalar field over time. Critical points may corre-
spond to interesting features, such as vortices in fluid flows
or eddies in the ocean, and hence their tracks are of inter-
est. The Jacobi set is, in this case, a feature-tracking graph.
The Jacobi set computed from piecewise linear (PL) scalar
functions is sensitive to noise, dense, and cluttered, making
it difficult to analyze its structure. We propose a method that
computes a simplified Jacobi set, resulting in a smaller num-
ber of clutter-free tracks while retaining important features
that are represented by the original Jacobi set. The intuition
from time-varying fields is central to the development of our
simplification method and we consider this as a first step
towards the development of methods that are applicable to
generic bivariate fields.

We present a Jacobi set simplification method that con-
siders both temporal and spatial coherence of features. It
formulates critical points of a scalar field as zeros of the
corresponding gradient field thereby enabling a bottom-up
simplification directed by a stability measure called robust-
ness that was introduced for vector fields [45]. Clusters of
critical points that are determined by the robustness param-
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eter are tracked over time. The track of a cluster of criti-
cal points replaces the tracks of all critical points within the
cluster thereby reducing the number of tracks while retain-
ing their spatial and temporal structure. The resulting col-
lection of tracks constitutes the simplified Jacobi set. Key
contributions of this paper include

1. A robustness-based Jacobi set simplification algorithm
for time-varying scalar fields,

2. A mathematical analysis supporting the algorithm that
guarantees the existence of a corresponding simplified
vector field, and

3. An implementation of the method for 2D time-varying
scalar fields.

The effectiveness of the method is demonstrated via experi-
ments on a synthetic dataset and multiple fluid flow datasets.

2 Related work

This paper focuses on simplifying the Jacobi set for time-
varying scalar fields, resulting in reduced clutter in the vi-
sualizations of feature tracks. This section summarizes pre-
vious work on structures, including the Jacobi set, that have
been employed for bivariate field visualization, different ap-
plications of the Jacobi set, methods for simplification, and
feature tracking.

Multivariate field visualization. Different concepts and struc-
tures have been introduced to study the relationship between
individual fields in a multivariate dataset. Continuous scat-
terplot (CSP) [3], a generalization of scatterplot to contin-
uous fields, provides a dense visualization in range space.
This visual representation helps identify regions of interest
that may in turn be mapped to the spatial domain using fiber
surfaces [9]. CSPs and fiber surfaces have been used for
studying bivariate and multivariate fields from multiple ap-
plication domains [5,39,42,43]. Nagaraj and Natarajan [35]
introduce a variation density function that captures the rela-
tionship between multiple scalar fields over isosurfaces of a
given scalar field. This profile helps identify interesting iso-
values of scalar fields in multivariate scenarios. Chattopad-
hyay et al. [10] introduce the Jacobi structures as the critical
features in the Reeb space [20], establishing a relationship
between the Jacobi set and singular fibers. The Reeb space
is the bivariate analog of the Reeb graph. A fiber compo-
nent, the bivariate counterpart of an isocontour component,
maps to a point in the Reeb space. The joint contour net [8]
is a discrete representation of the Reeb space. The represen-
tation and computation of Reeb space is challenging, and
hence it is often not computed explicitly in practice. The Ja-
cobi set is a subset, specifically the image of singular fibers,
of the Reeb space and is amenable to fast computation. The
notion of Pareto set [28] helps identify consensus regions
using Pareto optimality and dominance in multifields.

Jacobi set applications. The Jacobi set has been applied
for many tasks in image analysis and visualization. Edels-
brunner et al. [19] introduce local and global comparison
measures based on the Jacobi set to support comparative vi-
sualization. In image processing, Norgard and Bremer [36]
utilize the Jacobi set to extract image ridges, proposing a
combinatorial algorithm to create a ridge-valley graph that
captures information about all ridges in a given image. The
Jacobi set has been used in geophysics for estimating re-
lationships between geopotential height and total ozone col-
umn [1] and in forestry for automatic tree ring detection [34].
Tierny and Carr use the Jacobi fiber surfaces, the preimage
of a Jacobi edge, to compute the Reeb space of a bivariate
field [49]. Sharma and Natarajan [44] propose an output-
sensitive algorithm for fiber surface computation that further
facilitates the computation of individual fiber surface com-
ponents in the vicinity of a Jacobi edge selected by the user.
The performance of the algorithm depends on the size of the
Jacobi set, and it will benefit from a simplified Jacobi set.

Jacobi set simplification. In practical scenarios, the Jacobi
set consists of a complex network of edges, including noisy
artifacts that result from the PL representation. Analyzing
it can be challenging and will benefit from a simplification
method. Simplifying the bivariate field will, indirectly, result
in a simpler Jacobi set. The bivariate field may be simplified
by employing topological simplification directed by persis-
tence on the individual scalar fields [22,6,31]. However, in
a time-varying scenario, such an approach may introduce
temporal inconsistencies. Post simplification, a critical point
may no longer have a correspondence in adjacent time steps,
breaking the temporal continuity. The Jacobi set is not a sta-
ble structure. Small changes in the underlying bivariate field
can produce significant changes in the Jacobi set. This insta-
bility poses challenges for such indirect simplification, es-
pecially in time-varying fields.

Direct simplification methods aim to directly remove noisy
edges or sections of Jacobi curves that are deemed to be
less significant. These approaches are directed by a metric
that measures the significance of edges of the Jacobi set.
Suthambhara and Natarajan [47] propose a method to re-
duce the number of connected components in the Jacobi set
by posing the simplification problem as the extraction of
level sets and offset contours. Bhatia et al. [4] generalize
the concept of critical point cancellation to Jacobi sets and
simplify ’Jacobi regions’. The method identifies less signifi-
cant portions of the Jacobi set and removes them by modify-
ing the individual scalar fields locally. Recently developed
methods [29,30] compute a clutter-free visual representa-
tion of the Jacobi set by considering a bilinear interpolant.
The method removes zig-zag artifacts while maintaining the
topological structure.
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Fig. 1: Jacobi set of a 2D synthetic bivariate field. (a) Scalar
field f(x; y) = x2 + y2 (b) Scalar field g(x; y) = x(y − 8)

(c) Level sets of f (green) and g (red). The Jacobi set
J(f; g), shown in black, passes through the points where
gradients of f and g align.

Our proposed method may be classified under the di-
rect simplification category. It reduces the number of Jacobi
edges by clustering edges that potentially represent a com-
mon feature for a given approximation threshold. It directly
computes a simplified version of the Jacobi set as opposed
to simplifying the noisy Jacobi set.

Feature tracking. In a time-varying scalar field, the Jacobi
edges represent tracks of critical points. Since critical points
are good representatives of topological features, critical point
tracking is a preferred approach for topological feature track-
ing. Feature tracking has been studied widely, but it has
not been formulated using the Jacobi set except for a few
instances [18]. Reininghaus et al. [40] use ideas from dis-
crete Morse theory and combinatorial feature flow fields to
track critical points. They introduce the notion of integrated
persistence, combining spatial persistence of critical points
with their temporal evolution to determine the significance
of a particular track as opposed to direct elimination of short-
lived features. Other works [33,41,32,53] focus on track-
ing regions of interest, such as predefined connected com-
ponents instead of critical points. Feature tracking has also
been studied for vector fields [51,38,48,52,7].

Our method is inspired by the notion of tracking graphs
that represent the correspondences and tracks of individual
connected components of spatial features. We formulate the
critical point tracking problem as tracking zeros of a time-
varying vector field. To achieve this, we use intuition, defini-
tions, and analyses from previous work on tracking critical
points in vector fields using robustness [11,45].

3 Background

This section presents the necessary definitions, notations,
and mathematical preliminaries for describing Jacobi set sim-
plification. It introduces critical points of a scalar field and
the notion of Jacobi set for a bivariate and a time-varying
scalar field, both in the smooth and PL setting [21].

Scalar field. A scalar field f : M → R is a real-valued

function defined on an n-dimensional domain M and maps
a point on the domain to a single scalar value. The scalar
values usually represent physical quantities such as pres-
sure, temperature, speed, or height, although they may also
be synthetically generated. Figure 1(a) shows a 2D scalar
field, f(x; y) = x2 + y2. A point p ∈ M is a critical point
of f if and only if the gradient of f at p vanishes. Else, p
is a regular point. The scalar value f(p) is called a criti-
cal or regular value, respectively. A critical point p is said
to be non-degenerate if the Hessian at p is non-singular. If
all the critical points of f are non-degenerate and have dis-
tinct values, then f is called a Morse function. A key result
from Morse theory states that all smooth functions are ei-
ther Morse or can be perturbed using an infinitesimally small
quantity into a Morse function. All scalar functions consid-
ered in this paper are assumed to be Morse functions.

Bivariate field. A multivariate function or a multifield is a
collection of scalar functions / scalar fields defined over a
common spatial domain. A bivariate field {f; g} : M → R2

is a specific case where two scalar fields are defined over a
domain M. Bivariate field analysis becomes beneficial when
important data features depend on the interaction between
two individual fields as opposed to being characterized in-
dependently by the two fields. Figure 1 shows two scalar
fields that can either be studied independently or as a bivari-
ate field {f; g}.

Jacobi set. Given a bivariate field {f; g} : M → R2 such
that the intersection of the sets of the critical points of f and
g is a null set, the Jacobi set J = J(f; g) = J(g; f) is the set
of points where gradients of f and g are linearly dependent.

J(f; g) = {x ∈ M | ∇f + �∇g = 0 or

�∇f + ∇g = 0}
(1)

for some � ∈ R. In other words,

J(f; g) = {x ∈ M | x is a critical point of f + �g or

�f + g}
(2)

Equation 2 essentially characterizes the Jacobi set as the
set of critical points of a collection of scalar fields parame-
terized by � ∈ R. Let k ∈ R be a regular value of g. The
scalar field fk : g�1(k) → R is called the restriction of
the scalar field f to the level set g�1(k). The Jacobi set is
equivalently defined as

J(f; g) = cl({p ∈ M | p is a critical point of fk; k ∈ R})

(3)

The Smooth Embedding Theorem [17] states that, under
generic conditions, the Jacobi set of two Morse functions is
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Fig. 2: Identifying a Jacobi edge. (Left)h� e (v1) < h � e (a)
andh� e (v2) > h � e (a), which implies thatab is a regular
edge. (Middle) Bothh� e (v1) andh� e (v2) are smaller than
h� e (a), which implies thatab is a maximum. (Right) Edge
abis a minimum Jacobi edge.

a smoothly embedded1-manifold in M. Figure 1(c) shows
the level sets of two scalar �eldsf andg using isocontours.
The Jacobi set (black) of the bivariate �eldf f; g g is a curve
on the plane. The individual scalar �elds are shown in Fig-
ure 1(a) and Figure 1(b).

Piecewise linear function.In practice, the scalar �elds are
often available as a sample over a spatial domain. The spatial
domain is represented as a mesh, either a structured grid or
a triangulation. The samples of the scalar �eld are available
at the vertices of the mesh. A piecewise linear (PL) approxi-
mation of the scalar �eld is obtained via linear interpolation
in the interior of cells of all dimensions.

Let f : jK j ! R be a PL function de�ned on a tri-
angulationK of a manifoldM. Critical vertices off are
characterized by the Betti numbers of its lower link [15,21].
Non-Morse functions can be transformed into Morse func-
tions by addressing degeneracies through the simulation of
simplicity [24]. In the following, we always assume that the
scalar �eld is a Morse function.

The Jacobi set of two PL functions may be computed
as the set of critical points of the family of functionsh� =
f + �g , following Equation 2. According to theCritical Edge
Lemma[17], the Jacobi set lies on the edges of the triangula-
tion K . If an edgee = ( a; b) 2 K belongs to the Jacobi set
then the functionh� is necessarily �at along the edge, i.e.,
h� e (a) = h� e (b). This value� e for which h� is �at can be
computed as� e = ( f (b) � f (a))=(g(a) � g(b)) . Further, the
edgee is classi�ed as critical based on a characterization of
the lower link ofe with respect toh� e . Figure 2 shows the
categorization of an edgeabas regular, maximum, or mini-
mum. If h� e (v1) < h � e (a) andh� e (v2) > h � e (a) then the
edgeab is a regular edge. If bothh� e (v1) andh� e (v2) are
lower or higher thanh� e (a), thenab is an extremum edge.
The Jacobi set is obtained by stitching the critical edges at
their endpoints. The resulting set is a 1-manifold due to the
Even Degree Lemma, which states that the degree of each
vertex in the Jacobi set is even.

Time-varying scalar �eld. Let f : M � R ! R be a
time-varying scalar function. The second parameter off is

Fig. 3: Jacobi set of a time-varying scalar �eld. (a) A syn-
thetic 2D time-varying scalar �eld obtained by applying in-
cremental rotations over time. Select time steps within the
range [1..299]. (b) All time steps of the scalar �eld. stacked
together to show the spiral path followed by the two pairs of
maxima. (c) The Jacobi set of the time-varying scalar �eld is
noisy. It is dif�cult to identify the two primary data features
due to clutter. (d) Edges of the Jacobi set �ltered based on
the scalar value. Edges with endpoints having scalar value
less than1 are discarded, leaving only a few Jacobi edges
that are in the spatial proximity of important features.

considered as the time axis. Consider a time functiong :
M � R ! R de�ned asg(p; t) = t. Following the formula-
tion in Equation 3, the Jacobi setJ(f; g ) is the collection of
tracks of critical points off at every time step. This is equal
to the set of critical points off at every time step and the
temporal edges that represent the correspondences between
critical points lying on two consecutive time steps.

In this paper, we consider 2D PL time-varying scalar
�elds f f t g, wheref t is a 2D PL scalar �eld de�ned in time
stept. The domainM � R is triangulated by extending a
triangulation of the spatial domain. We include temporal
edges between corresponding vertices in two consecutive
time steps and insert diagonals to decompose the resulting
prism into three tetrahedra. The Jacobi setJ(f f t g) of the
time-varying scalar �eld is computed over this triangulated
domain using the standard PL algorithm [17].

Figure 3(a) shows a subset of300 time steps of a syn-
thetic time-varying scalar �eld. The scalar �eld contains two
pairs of Gaussians undergoing rotation over time. In Fig-
ure 3(b), all time steps are stacked together, highlighting the
rotational pattern formed by these pairs. Figure 3(c) shows
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