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Abstract—The Morse-Smale complex is a well studied topological structure that represents the gradient flow behavior between critical
points of a scalar function. It supports multi-scale topological analysis and visualization of feature-rich scientific data. Several parallel
algorithms have been proposed towards the fast computation of the 3D Morse-Smale complex. Its computation continues to pose
significant algorithmic challenges. In particular, the non-trivial structure of the connections between the saddle critical points are not
amenable to parallel computation. This paper describes a fine grained parallel algorithm for computing the Morse-Smale complex and
a GPU implementation (gMSC). The algorithm first determines the saddle-saddle reachability via a transformation into a sequence of
vector operations, and next computes the paths between saddles by transforming it into a sequence of matrix operations.
Computational experiments show that the method achieves up to 8.6× speedup over pyms3d and 6× speedup over TTK, the current
shared memory implementations. The paper also presents a comprehensive experimental analysis of different steps of the algorithm
and reports on their contribution towards runtime performance. Finally, it introduces a CPU based data parallel algorithm for simplifying
the Morse-Smale complex via iterative critical point pair cancellation.

Index Terms—Scalar field, Morse-Smale complex, Shared memory parallel algorithm, GPU.
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1 INTRODUCTION

The Morse-Smale (MS) complex [10], [11] is a topological
structure that provides an abstract representation of the gradient
flow of a scalar function. It represents a decomposition of the
domain of the scalar field into regions with uniform gradient
flow behavior. Applications to feature-driven analysis and visu-
alization of data from a diverse set of domains including mate-
rial science [20], [30], cosmology [36], and chemistry [7], [15]
have clearly demonstrated the utility of this topological structure.
A sound theoretical framework for identification of features, a
principled approach to measuring the size of features, controlled
simplification, and support for noise removal are key reasons for
the wide use of this topological structure.

Satisfying the interactivity requirement in feature-driven anal-
ysis and visualization has increasingly become a challenge due
to the availability of higher precision and feature-rich data. Time-
varying data poses another challenge where each time step may
have to be analyzed within a short time budget. Different stages of
the analysis pipeline are optimized for runtime performance [29]
with the consequence that the computation of the MS complex is
a computational bottleneck. Naturally, several methods proposed
during the past decade for computing the MS complex employ
parallel algorithms. These methods are all designed to execute on
multicore CPU architectures, with the exception of a few methods
where the embarrassingly parallel critical point computation step
executes on the GPU. In this paper, we present a fast parallel
algorithm that computes the graph structure of the MS complex
via a novel transformation to matrix and vector operations. It
further leverages data parallel primitives resulting in an efficient
end-to-end GPU implementation. We also present a CPU based
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parallel algorithm for simplifying the MS complex via iterative
cancellations of critical point pairs.

1.1 Related Work

The development of effective workflows for the analysis of large
scientific data based on the MS complex, coupled with increasing
compute power of modern shared-memory and massively parallel
architectures has generated a lot of interest in fast and mem-
ory efficient parallel algorithms for the computation of 3D MS
complexes. Gyulassy et al. [17] introduced a memory efficient
computation of 3D MS complexes, where they handled large
datasets that do not fit in memory. Their method partitions the data
into blocks, called parcels, that fit in memory. Next, it computes
the MS complex for the individual parcels and uses a subsequent
cancellation based merging of individual parcels to compute the
MS complex of the union of the parcels. This framework was
extended in the design of distributed memory parallel algorithms
developed by Peterka et al. [29] and Gyulassy et al. [23], where
they additionally leverage high performance computing clusters
to process the parcels in parallel. Subsequent improvements to
parallelization were based on novel locally independent definitions
for gradient pairs by Robins et al. [31] and Shivashankar and
Natarajan [34] that allowed for embarrassingly parallel approaches
for gradient assignment. Further improvements in computation
time were achieved by efficient traversal algorithms for the ex-
traction of ascending and descending manifolds of the extrema
and saddles [9], [16], [34].

Graph traversals for computing the ascending and descending
manifolds of extrema, owing to their relatively simple structure,
have been modeled as root finding operations in a tree and
subsequently parallelized on the GPU [34]. However, the best
known algorithms for the more complex saddle-saddle traversals
are still variants of a fast serial breadth first search traversal. More
recently, Gyulassy et al. [18], [19], [21] and Bhatia et al. [7] have
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presented methods that ensure accurate geometry while computing
the 3D MS complex in parallel. The approaches described above,
with the exception of Shivashankar and Natarajan [34], implement
CPU based shared memory parallelization strategies. Shivashankar
and Natarajan [34] describe a hybrid approach and demonstrate
the advantage of leveraging the many core architecture of the
GPU. Embarrassingly parallel tasks such as gradient assignment
and extrema traversals were executed on the GPU, resulting in a
speedup over CPU based approaches.

Some of the above-mentioned methods employ a discrete
Morse theory based approach for de�ning and computing the
MS complex with a focus on 2D and 3D scalar functions [9],
[16], [22], [34], [37]. This approach results in combinatorial and
numerically robust algorithms. The discrete Morse theory based
approach is also amenable for extension to higher dimensions, as
shown in recent work by Fugacci et al. [14] who compute Morse
complexes from simplicial complexes. The resulting discrete
Morse complex �nds applications to homology computation [24],
[31] and analysis of shape and scalar �elds [8].

1.2 Contributions

In this paper,we describea fastGPUparallel algorithm for com-
puting theMS complex.Thealgorithm employsthediscreteMorse
theory basedapproach,wherethe gradient �ow is discretizedto
elementsof the input grid. Key contributions include

� An algorithm thatutilizes�ne grainedparallelismfor all steps
of the MS complex computation andhenceenablesan ef� -
cientend-to-endGPUimplementation.

� Two novel ideasfor transforming graphtraversal into opera-
tions thatareamenableto parallel computation: (a) BFStree
traversal for determining saddle-saddle reachability is trans-
formedinto a sequenceof vector operations,and(b) saddle-
saddle pathcomputation is modeledaswavepropagation and
transformed into a sequenceof matrix multiplication opera-
tions. Thesetransformations help resolvea major computa-
tional bottleneckin previousparallel algorithms.

� Ef� cient parallel methods for populating the MS complex
datastructure.

� A dataparallel algorithm for simplifying the MS complex.
The algorithm utilizes a grid subdivision schemeto identify
pairsof critical points that may be cancelled in parallel and
results in improvedruntimes andcomparable quality of the
simpli�ed complex.

� A GPU implementation of the parallel algorithm, gMSC,
which is up to 8.6 times fasterthan pyms3d [3], [34], [35]
and6 timesfasterthanTTK [39], which areexisting meth-
ods.gMSC useshighly optimizeddataparallel primitivessuch
as pre�x scanand streamcompaction extensively, thereby
leading to high scalability andef� ciency.

� A detailed experimental analysis of the MS complex com-
putation algorithm basedon a study of the contributions of
eachsteptowardsoverall performanceimprovement,statis-
tics that indicate the available parallelism for the different
stepsandhow it is leveraged,and� nally demonstrating how
the different computational bottlenecksare removedvia the
transformations.

A previous paper presented a brief description of the GPU
algorithm together with preliminary results [38]. In this extended
version, we additionally present methods for parallel population

of the MS complex data structures, a parallel simpli�cation algo-
rithm, and improvements to the GPU implementation that results
in better runtimes. We also perform extensive computational
experiments on a large number of datasets and include a report
of a detailed investigation of the different steps of the algorithm
and their contribution towards the overall runtimes.

2 PRELIMINARIES

Fig. 1. A 2D scalar function and its critical points (maxima - red, minima
- blue, saddle - green) and reversed integral lines. A 2-cell MS0mS1 of
the MS complex is a collection of all integral lines between m and M. A
1-cell (say, mS1 or S1M) of the MS complex consists of the integral line
between a minimum and a saddle or the integral line between a saddle
and a maximum.

In this section, we brie�y introduce the necessary background
on Morse functions and discrete Morse theory that is required to
understand the algorithm for computing the 3D MS complex.

2.1 Morse-Smale Complex

Given a smooth scalar functionf : R3 ! R, the MS complex of
f is a partition ofR3 based on the induced gradient �ow off . A
point pc is called acritical point of f if the gradient of f at pc
vanishes,Ñ f (pc) = 0. If the Hessian matrix off is non-singular at
its critical points, the critical points can be classi�ed based on their
Morse index, de�ned as the number of negative eigenvalues of the
Hessian. Minima, 1-saddles, 2-saddles and maxima are critical
points with index equal to 0,1,2, and 3 respectively. Anintegral
line is a maximal curve inR3 whose tangent vector agrees with the
gradient off at each point in the curve. The origin and destination
of an integral line are critical points off . The set of all integral
lines originating at a critical pointpc together withpc is called the
ascending manifoldof pc. Similarly, the set of all integral lines
that share a common destinationpc together withpc is called the
descending manifoldof pc.

The Morse-Smale (MS) complexis a partition of the domain
of f into cells formed by a collection of integral lines that share
a common origin and destination. See Figure 1 and Figure 2 for
examples in 2D and 3D. The cells of the MS complex may also be
described as the simply connected cells formed by the intersection
of the ascending and descending manifolds. The1-skeletonof the
MS complex consists ofnodescorresponding to the critical points
of f together with thearcs that connect them. The 1-skeleton is
often referred to as the combinatorial structure of the MS complex.
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