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Design a distance measure to 

compare merge trees [CSA 2003].

• Prove theoretical guarantees.

• Provide efficient implementation. 

• Applications to time-varying data. 

• Applications to feature tracking.

Applications

• Topological shape matching.

• Symmetry and similarity 

detection in scalar fields.

• Feature tracking in time-

varying data.

• Comparison between 

simulated and measured 

data.

Background 

Results and Future Work 

Problem Statement Motivation

• Efficiency: Theoretical vs Practical.

• Noise: Small perturbations in the field results 

in significant changes in the tree structure.

• Guarantees and Properties: Hard to prove

➢ Metric properties

➢ Stability

➢ Discrimination

Challenges

Tree Edit Distance based Measure

Critical points in a 

2D scalar field

Merge trees with persistent

pairs [ELZ 2000]

Tree edit distance
Tree edit distance is inspired 

by edit distance for strings 

which results in alignments 

containing gaps. For example,

apple

a_p_e

ap__e

Edit operations
1. Relabel

2. Add or delete gap Complete subtree gap General subtree gap

Tree gap models

Observations
• NP-Hard for arbitrary trees

[Touzet 2003]

• A DP based polynomial time

algorithm exists for ordered

labelled binary trees [Xu

2015].

• For merge trees, labels are

function values, ordering is

given by pre-order traversal.

• Neither gap model captures all

the properties of merge trees.

Scalar field topology

Modified gap model
Categorise the set of edit operations using the properties of merge trees.

Modified cost model
1. Relabel cost 𝒓(𝒊, 𝒋):  Absolute difference in function values.

2. Gap cost 𝒈(𝒊):  Persistence represented by the pairing.1. Permissible set 2. Non-permissible set

DP algorithm and recurrences

𝐷 𝑖′. . 𝑖, 𝑗′. . 𝑗 = 𝑚𝑖𝑛

𝐷 𝑖′. . 𝑖 − 1, 𝑗′. . 𝑗 − 1 + 𝑟 𝑖, 𝑗 , 𝑟𝑒𝑙𝑎𝑏𝑒𝑙 𝑖 𝑡𝑜 𝑗

𝐷1 𝑖′. . 𝑖, 𝑗′. . 𝑗 , 𝑖 𝑖𝑠 𝑚𝑎𝑝𝑝𝑒𝑑 𝑡𝑜 𝑎 𝑔𝑎𝑝 𝑛𝑜𝑑𝑒

𝐷2 𝑖′. . 𝑖, 𝑗′. . 𝑗 , 𝑗 𝑖𝑠 𝑚𝑎𝑝𝑝𝑒𝑑 𝑡𝑜 𝑎 𝑔𝑎𝑝 𝑛𝑜𝑑𝑒

• Dynamic programming to compute 𝐷 1. .𝑚, 1. . 𝑛
• Choose canonical ordering of children.

• Running time 𝑂(𝑚3𝑛2 +𝑚2𝑛3).

Distance
Distance is given by minimum over all such sets of 

edit operations.

Measure

• 𝑅 is set of all relabels.

• 𝐺 is set of all gaps.  

• Cost 𝐶 = σ(𝑖,𝑗)∈𝑅 𝑟(𝑖, 𝑗) +

σ𝑖∈𝐺 𝑔(𝑖)

• Distance 𝐷 = min{𝐶} over all 

allowed edit operations.

• Data: Synthetic data, contains both regions of

symmetry and asymmetry.

• Features:  Merge trees of the regions (𝑎, … , 𝑔).
• Experiment:  Find whether 𝐷 is effective in 

capturing the symmetry/asymmetry.

• Data: Bénard von Kármán 

vortex street, 2D flow 

around a cylinder; [400 ×
50], 1001 timesteps; 

Source: Weinkauf [2010].

• Features: Local maxima 

capture the vortex centres.

• Experiment: Study periodic

vortex shedding, with 

known periodicity of 75.

• Key result: We use our 

distance measure 𝐷 and 

identify periodicity of 74-

75.

Future Work

• Prove theoretical properties/guarantees.

• Introduce spatial overlap to enhance discrimination.

• Improve the efficiency, both in theory and in practice.
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𝐷1 𝑖′. . 𝑖, 𝑗′. . 𝑗 = 𝑚𝑖𝑛

𝐷 𝑖′. . 𝑖 − 1, , 𝑗′. . 𝑗 + 𝑔 𝑖 ,

𝐷1 𝑖′. . 𝑖 − 1, 𝑗′. . 𝑗 + 𝑔 𝑖 ,

𝑚𝑖𝑛𝑗1≤𝑘≤𝑗{𝐷1 𝑖′. . 𝑝 𝑖 , 𝑗′. . 𝑘 +

𝐷 𝑝 𝑖 + 1. . 𝑖 − 1, 𝑘 + 1. . 𝑗 + 𝑔(𝑖)}

Timesteps 0 and 74 of vortex street dataset with the 

corresponding split trees.

Why merge trees?

• Features in real data are either 

at local minima/maxima.

• Simple to implement.

• Easy mapping between regions 

in the domain and tree 

components.

• Well defined simplification 

strategy.

Periodicity in time-varying data

• Result:  𝐷 ≈ 0 for symmetric regions (for example 𝐷(𝑐, 𝑑)) , 𝐷 > 0 in other cases (for example  

𝐷(𝑐, 𝑏) = 0.53) which is consistent with the premise of data synthesis.

Detecting symmetry/asymmetry

• 1,… , 𝑖’, … , 𝑖, … ,𝑚 pre-order of merge tree 𝑇1 for function 𝑓1
• 1,… , 𝑗’, … , 𝑗, … , 𝑛 pre-order of merge tree 𝑇2 for function 𝑓2
• Parent of the node 𝑖 is denoted by 𝑝(𝑖)
• Case 𝐷2 is similar to 𝐷1
• Distance 𝐷 is given by [Xu 2015]


