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Abstract

Scalar elds are used to represent physical quantities measd over a domain of interest.
Study of symmetric or repeating patterns in scalar elds ismportant in scienti c data
analysis because it gives deep insights into the propertiekthe underlying phenomenon.

This thesis proposes three methods to detect symmetry in $aa elds. The rst
method models symmetry detection as a subtree matching pieim in the contour tree,
which is a topological graph abstraction of the scalar eld.The contour tree induces a
hierarchical segmentation of features at di erent scalesd hence this method can detect
symmetry at di erent scales. The second method identi es symetry by comparing dis-
tances between extrema from each symmetric region. The d@iate is computed robustly
using a topological abstraction called the extremum graphdence, this method can de-
tect symmetry even in the presence of signi cant noise. Thebave methods compare
pairs of regions to identify symmetry instead of grouping th entire set of symmetric
regions as a cluster. This motivates the third method whichses a clustering analysis
for symmetry detection. In this method, the contours of a s¢ar eld are mapped to
points in a high-dimensional descriptor space such that pas corresponding to similar
contours lie in close proximity to each other. Symmetry is iehti ed by clustering the
points in the descriptor space.

We show through experiments on real world data sets that thesnethods are robust in
the presence of noise and can detect symmetry under di eretytpes of transformations.
Extraction of symmetry information helps users in visualiation and data analysis. We
design novel applications that use symmetry information t@nhance visualization of

scalar eld data and to facilitate their exploration.
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Figure 1: Symmetry is ubiquitous in scienti ¢ data sets as seen the volume rendered
images of (top left) the temperature distribution in a Tayla-Green vortex ow simula-

tion, (middle left) a cryo-electron microscopy image of a kiis, and (bottom left) a CT

scan image of a pair of knees. While human beings are endowethwgpecial cognitive
ability that makes symmetry detection easy, automatic detgtion of symmetry is a chal-
lenging task for computers. This thesis proposes algorittario identify symmetry and
show di erent applications that exploit symmetry information to improve visualization
and exploration of scalar eld data. Symmetry-aware trangfr function highlights the
symmetric regions detected by (top right) identifying simliar subtrees of the contour
tree, (middle right) comparing distances between extremasing extremum graph, and
(bottom right) clustering contours in a high dimensional shpe descriptor space.
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Chapter 1

Introduction

Symmetric patterns are omnipresent in the world around us { & it re ectional sym-

metry of the wings of a buttery, translational symmetry of the bricks in a wall, or
rotational symmetry of the spokes of a wheel. Symmetric patns are used a lot in art,
design, and architecture since our sense of aesthetics arehbity are greatly in uenced
by the presence of symmetry. Symmetry plays an important relin our understanding
about the world around us. Therefore, detecting and charagtizing symmetry is equally
important in elds like engineering, biology, chemistry, ad physics. For example, in crys-
tallography, symmetry information is used to determine thestructure of a crystal [26].
In product design, symmetry is important to ensure functioal e ciency and optimal

manufacturing cost [13]. Our body structure exhibit symmet and deviation from it

helps in diagnosing abnormalities in the development of ags [89].

1.1 Symmetry Detection in Scalar Fields

A scalar eld is a real valued function de ned on a domain of iterest. Scalar eld data
may be generated from experimental and computational meths in di erent disciplines
and they often contain symmetric or repeating patterns. Visalizing the symmetry
present in the data provides important cues to domain expestin understanding and

characterizing the properties of the underlying scienti ghenomenon. The left column
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of Figure 1 shows three examples of symmetry in scalar eldsn this thesis, we study
the problem of detecting symmetric or repeating patterns ém scalar elds and its
applications to feature exploration and visualization of slar elds. The right column
of Figure 1 shows the symmetric regions extracted using thelstions proposed in this
thesis.

Symmetry detection is an active area of research in geometpyocessing, computer
graphics, image processing, and computer vision commuagi[63]. As much as study
of symmetry is important in shape processing, study of symnmg in scalar elds is
important in scienti ¢ data analysis because it leads to beer understanding of the
underlying scienti c experiment. For example, consider arimige that is subjected to
a load test to determine its strength. Symmetry in the shapera structure of the
pillars is central to the strength of the bridge. The load onte pillars can be measured
and represented using a scalar eld. Asymmetry in the scalareld distribution is an
indication of uneven distribution of load on the pillars. Stidying symmetry in scalar
eld distribution can thus identify structural defects which may otherwise be di cult to
detect.

While human beings have special cognitive abilities that makit easy to recognize
symmetric patterns, it is a tough task for a machine to do so. Aomatic detection
of symmetry is a challenging problem because both the segrtaion of the domain
into potential symmetric segments and the correspondencetiveen segments that are
symmetric need to be determined. Moreover, real life datatsenever exhibit perfect
symmetry. This introduces additional challenges in determing symmetry in an approx-
imate sense as well as handling noise and missing parts witlsymmetric regions in the
data. Since the search space for locating symmetric segngemt quite large, it is also
important to design an algorithm that is computationally e cient. Symmetry in shapes
is associated with a group structure on geometric objectsdhare invariant under trans-
formations. For scalar elds, it is more meaningful to relaxhis constraint and identify
all repeating occurrences since this is more useful for da¢aploration. Moreover, for

scalar elds, domain experts are interested in studying ingrtant features that provide
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insights about the underlying scienti c phenomena that is bing analyzed. Therefore, it
is pertinent for a scalar eld symmetry detection algorithmto report symmetric segments

in a feature-aware manner.

1.2 Contributions

This thesis proposes three methods to address the above-t@med challenges in detect-
ing symmetry in scalar elds. We demonstrate the usefulness these methods through
applications that make use of the symmetry information to emance scalar eld visualiza-
tion and exploration. Since it is important to report symmetic regions in a feature-aware
manner, we use topological data structures, namely, the doar tree [100] and the ex-
tremum graph [25] to segment the domain into important featxes. Restricting the search
space for symmetry detection to the segmentation induced hiie contour tree and the

extremum graph results in computationally e cient detection of symmetry. By mak-

ing use of robust similarity measures, we design three alghms to detect approximate

symmetry and symmetry in the presence of noise. We brie y dessbe these methods

below.

1.2.1 Symmetry Detection Using Contour Trees

The rst method models symmetry detection as a subtree matahng problem in the con-
tour tree [92], which is a topological graph abstraction ofhie scalar eld. We propose a
comparison measure for identifying similar subtrees of amour tree based on a topo-
logical measure called persistence. This leads to an algom that detects symmetry
by classifying subtrees of the contour tree into di erent gyups. Regions of the domain
corresponding to subtrees that belong to a common group anetiected and reported to
be symmetric. The main advantage of this method is that it cadetect symmetry at dif-
ferent scales very quickly for clean data sets since the cout tree induces a hierarchical
segmentation of features at di erent scales. However, thisethod is not suited for data

sets with signi cant noise. Noise in the data may destroy theepeating structure of the
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subtrees corresponding to symmetric regions in the contotree.

1.2.2 Symmetry Detection Using Extremum Graphs

The second method we propose identi es symmetry by compagndistances between
extrema from each symmetric region [93]. We propose a datastture called the aug-
mented extremum graph and use it to design an algorithm for bwust estimation of
distances. The augmented extremum graph captures both toljpgical and geometric
information of the scalar eld and enables robust and compationally e cient detection
of symmetry. This method has the advantage that it can detecsymmetry even in the
presence of signi cant noise. However, it requires user selen of a set of seed extrema

for graph traversal and does not detect symmetry at multiplescales.

1.2.3 Symmetry Detection Using Contour Clustering

The study of symmetry detection in shapes have establishelat clustering based anal-
ysis result in superior performance and robust identi catn of symmetry. Such an anal-
ysis avoids the need for comparing pairs of regions to idefgtsymmetry and can instead

group a set of symmetric regions as a cluster. This motivateékse third method which

uses a clustering analysis for symmetry detection [94]. lhis method, we present a novel
representation of scalar elds as a collection of points in@ntour shape descriptor space
with the aim of studying the similarity relationship between the contours. The represen-
tation uses a mapping of the contours in a scalar eld to poistin a high-dimensional

transformation-invariant descriptor space. We leveragehe power of this representation
to design a clustering based algorithm for detecting symnrét regions in a scalar eld.

By selecting a contour from each arc of the contour tree, weeable to detect symme-
try at di erent scales similar to the contour tree based appvach. Noise in the data is
seamlessly handled by the clustering framework through thehoice of a robust shape
descriptor. Thus, our approach combines the advantages dfet earlier methods based

on the contour tree and extremum graph.
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The main contributions of this thesis are the following:

A method to detect symmetry by identifying similar subtreesof the contour tree.

This method can detect symmetry at multiple scales [92].

A method to detect symmetry by comparing distances betweexteema of a scalar
eld using the extremum graph. The distance computation isabust and hence

this method can detect symmetry even in the presence of sigmint noise [93].

A clustering based approach to detect symmetry by identifpg geometrically sim-
ilar contours. This method not only combines the advantagesf the earlier two
methods but also addresses their limitation in ensuring gewtric symmetry of the

regions reported [94].

Applications that utilize symmetry information for improved visualization and ex-

ploration of scalar elds.

We show through experiments on real world data sets that therpposed methods
are robust, computationally e cient, and can detect symmety under di erent types of
transformations. As part of designing symmetry detection gbrithms, we also propose a
comparison measure for identifying similar subtrees of trentour tree, an augmentation
of the extremum graph that incorporates geometric informabn about the scalar eld and
an alternate representation of contours in a scalar eld asgints in a high-dimensional
shape descriptor space for performing similarity analysef scalar elds. We believe that
these are signi cant contributions in studying scalar eld that is independent of the
symmetry detection algorithms and will lead to newer techgues in analyzing scalar
elds. We also believe that the methods we propose for symnmgtdetection will open
new frontiers in analyzing structural similarity of scalar elds and more applications of

symmetry detection will emerge.
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Related Work

Symmetry detection is an active area of research in geomepgocessing, computer graph-
ics, image processing and computer vision communities. Tipeoblem of identifying

symmetry in scalar elds has received attention among resehers only in recent years.
Although some of the methods proposed to report symmetry in gmetric shapes have
been extended to scalar elds, they su er from the inabilityto capture properties inher-
ent to scalar elds. For example, these extensions are unaltb report symmetric regions
in a feature-aware manner. This chapter provides a brief awgew of existing techniques
for detecting symmetry in shapes and scalar elds, points othe drawbacks of existing
symmetry detection methods in scalar elds, and highlightdhe solutions proposed in

this thesis to address them.

2.1 Symmetry in Shapes

In the geometry processing community, geometric shapes aepresented using low level
primitives like polygon meshes and point clouds. Naturallythere is a lot of interest
in retrieving higher level geometric information like symratry from the lower level rep-
resentation. Early work studied detection of perfect symntey [1, 2, 103]. Typically,

geometric properties of shapes, like location of points, eused to identify the axis of

symmetry [14, 45, 62]. Perfect symmetry is rarely encountt in practice and there is a
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need for robust methods that detect partial and approximateymmetry in the presence of
noise. Several techniques have been proposed for robusedébn of symmetry in shapes.
Graph representations built from geometric features thatre extracted from a shape have
been studied to nd similar subgraphs representing symmetr structures [6, 7, 10, 12].
Local symmetry information have been used to cast votes in agh-dimensional space
where clusters of votes correspond to signi cant symmetsg56, 64, 71, 75, 105]. Shape
descriptors based on spherical harmonics and Fourier mette[5, 47, 48, 59], and spectral
analysis [5, 22, 56, 104] have also been used for symmetrynideation. An interested
reader may refer to the survey on symmetry in geometry by Mi# et al. for more
details [63].

Symmetry information computed from shapes has been expleit to design di er-
ent applications within geometry processing, computer gpaics, and computer vision
communities. Symmetry in shapes can be represented usingnsyetry aware shape de-
scriptors and is used to identify correspondence between dads for shape matching and
object recognition [48, 75]. Approximate symmetry presenhia mesh can be enhanced
through remeshing and symmetrization by modifying the mesim a manner that retains
the overall geometry of the mesh [35, 36, 65, 74]. Detectingnametry helps in de-
composition of a model into di erent parts and can be used fasegmentation [75, 88]
and to detect redundancies in the model for compression [5B1, 88]. Symmetry in
models is used for scan completion and surface reconstraatiby correcting distortions
present in noisy and incomplete data acquired through 3D staers [71, 95]. In this
thesis, we propose several new applications of detectingrsyetry in scalar elds that
enhances visualization and exploration of scalar elds, nzly, query driven exploration,
symmetry-aware isosurface extraction, symmetry-awareansfer function design, asym-
metry visualization, proximity-aware feature visualizaton, and symmetry-aware editing

and rendering.
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2.2 Symmetry in Scalar Fields

Although symmetry in geometric shapes is a topic of researchat has been explored
in detail, study of symmetry in scalar elds is a relatively mscent area of research.
Extensions of symmetry detection methods in shapes [12, 4¥dve been considered in
the past for detecting symmetry in scalar elds [43, 49]. Hower, they struggle to address
the challenges in extending geometric methods to scalar dd. Scalar eld data sets are
signi cantly larger in size compared to geometric shape datsets and hence symmetry
detection is computationally costly. Geometric methods fyically consider geometric
information derived from a small region around each sampleomt of the domain for
symmetry recognition. A direct extension of this approacha scalar elds su ers from
the di culty of capturing important features in the data and leads to poor performance
in extracting higher level features and handling noise. Meover, the scalar eld is
considered to be continuous over the domain by interpolatinthe values at the discrete
set of sample points. Inspecting only local information athle sample points introduces
additional challenges due to discretization errors sincéé symmetric counterpart for a
given point may be an interpolated point.

Hong and Shen [43] extend an earlier work on re ective symmgtdescriptors [47] and
use a parallel algorithm to detect global re ective symmetr in 3D scalar elds. They
estimate, for every candidate plane, the distance betweehe given scalar function and
its closest perfect symmetric function. This distance mease is used to detect planes
of symmetry that minimize the di erence between the scalaralue at a point and its
re ection. Their method requires computation of symmetry dstance by examining the
entire data set for all planes passing though the volume anslcomputationally expensive.
Moreover, it is restricted to identifying only global re edive symmetries, whereas the
methods we propose can detect symmetries under other rigiddy transformations as
well as partial symmetries. Kerber et al. [49] build a graphetwork of crease line features
and detect symmetry by computing geometric transformatios that match subgraphs
within the crease line network. This is an extension of an dar work on symmetry

detection in shapes [12]. However, unlike the case of shapke,assumption that features
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in scalar elds can be described using geometric line featg is too restrictive in practice.
Even for line features, this method cannot handle noise in ¢hdata robustly since the
alignment of noisy networks of lines will be poor.

Several methods have been proposed to identify similarityelween scalar elds with-
out explicitly addressing the challenge of detecting symrire regions. Bruckner et al.
propose an information theoretic measure of data indepemruze for isosurface similarity
detection [17, 39]. This method uses mutual information beeen distance transforms
to quantify the information common to two isosurfaces and hlds a similarity map
between all pairs of isosurfaces. Clusters with high mutuaformation correspond to
similar isosurfaces and can be identi ed both within and acoss data sets. This method
is computationally expensive since it requires calculatioof mutual information between
all pairs of isosurfaces. Further, their goal is to select ailsset of isovalues which are
important by identifying redundant isosurfaces that form a onion-peel like layered ar-
rangement. On the other hand, the methods we propose are mated for extracting
regions in the domain which are symmetric. While comparison easures have been
designed to study the relationship between di erent scalarelds de ned on a common
domain [31, 66, 84, 83], the focus of this thesis is on detecfirepeating patterns be-
longing to di erent subdomains within a single scalar eld. Several methods for shape
matching compare scalar elds using a multi-resolution desete version of the contour
tree and estimate a measure of similarity using geometricppiological, and functional
attributes [41, 109, 110, 111]. Though these methods anadygimilarity between scalar
elds, their goal is to identify the overall similarity between two shapes, which is di erent
from our goal of identifying symmetry within a single scalareld.

Graph matching methods for symmetry detection signi cantf reduces the processing
time and memory requirements for computing symmetry sincéhé size of the graph is
typically much smaller than the size of the input data set. Tl rst two methods that
we propose for symmetry detection in scalar elds make use gfaph representations
of the eld. For scalar elds, it is important to report symmetry in a feature-aware

manner. Therefore, we rely on topological graph abstractis of the scalar eld, namely,
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the contour tree [100] and the extremum graph [25]. The rst mthod we propose
reports symmetry by identifying similar subtrees of the cdour tree through a graph
matching procedure [92]. This method de nes a similarity $ze to compare subtrees
by measuring the extent of overlap between subtrees of thentour tree. The second
method is based on the observation that symmetric regions lakit similar distribution
of distances. We compute distances between extrema of thalac eld by traversing an
augmented version of the extremum graph [93]. Even in the @ence of signi cant noise,
the distance calculation is robust and therefore this metltbcan detect symmetry in noisy
scalar elds. Symmetry detection methods for geometric shas based on identifying
clusters that represent accumulation of local symmetry iofmation have shown superior
performance in identifying symmetry. Motivated by this obsrvation, the third method
that we propose maps contours of a scalar eld to points in a gin-dimensional shape
descriptor space such that similar contours form clusters ithe descriptor space [94].
The symmetric regions are identi ed through a clustering pycedure that locates similar
collections of contours of a scalar eld.

It is interesting to note that there is a growing interest in ecent years to develop
distance measures to compare contour trees and its variaf® 4, 82], similar to the com-
parison score we propose for detecting symmetry using thentmur tree based method.
Another recent work that attempts to limit the e ect of noise in visualizing scalar elds
uses an approach that merges extrema through a smoothing opn [87], similar to the
approach followed in the extremum graph based method. We mle these are promis-
ing results that indicate the methods proposed in this thesihave wider applications in

analyzing scalar eld data.



Chapter 3

De nitions

Consider ascalar eld, f : M ! R, dened on a simply connected domairM. We
use topological abstractions of the scalar eld, namely, thcontour tree [100] and the
extremum graph [25] to detect symmetry in a feature-aware maer and de ne these
terms formally in this chapter. These abstractions are de ed using critical points of the
domain which are de ned for continuous functions. Howevernipractice, the scalar eld
is represented using discrete values de ned on sample paitf the domain. To generate
a continuous eld from this discrete representation, the dmain is triangulated and the
scalar values are interpolated linearly over the elements the triangulation to obtain
a piecewise linearfunction. For a vertex v, its link is de ned as the mesh induced by
the set of vertices adjacent tov and its upper link is de ned as the mesh induced by
the adjacent vertices having function value greater than #t of v. For piecewise-linear
domains, the critical points are characterized by the numlyef components in the upper
link. A point c2 M is amaximum if its upper link is empty, a minimum if its upper link
is same as its link and asaddleif the upper link consists of more than one connected

component [30, 113].

11
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Figure 3.1: Contour tree and branch decomposition. (left) Acalar eld and its level
sets. (center) The corresponding contour tree captures aiges in the topology of the
level sets. The red nodes are local maxima, the blue nodes &eal minima, and the
green nodes are saddles. (right) The branch decompositiogpresentation. The branch
an is the longest monotonic path and hence the root branch. Theadnch hl is a child of
an and the parent ofij .

3.1 Symmetry in Scalar Fields

SubdomainsMq; M, M are said to besymmetric if there is a transformationT such
that M, = T(M,) and f (x) = f (T(x)) for all x 2 M.

3.2 Contour Tree

The preimage off for a given value 2 R, f (), is called alevel setof f. A level
set may have multiple components and each component is cdlla contour. Let R be
an equivalence relation de ned on points irfM: xRy for x;y 2 M if x;y belong to the
same contour. The contour tree is the quotient space inducdy this relation. Contour
trees track changes in the connectivity of components in levsets when varies over
the range of the function. It is obtained by continuously ctéhpsing each contour in the
level set to a single point, see Figure 3.1. Consider a sweeph# domain using level
sets in the order of increasing function values. A contour @eated at a minimum, may
merge with another contour at ajoin saddle or split into di erent contours at a split
saddle and is destroyed at a maximum. The nodes of a contour tree cespond to these
critical points of the function where the number of connecte components of the level
set changes. Minima and maxima, also referred to as extren@mrrespond to leaf nodes
of the contour tree. Saddles correspond to the interior nodle Pairs of critical points

represent the evolution of a contour. The di erence in fundbn value between such pairs
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of critical points, called persistence is a measure of the importance of the corresponding

topological feature [33].

3.3 Branch Decomposition

A branch decomposition[69] is an alternate representation of the contour tree thais
obtained by organizing its edges into a hierarchy based onrpistence. Abranchis a
path in the graph with non-decreasing (or non-increasing)aue of the functionf . The
branch decomposition representation is obtained by rst asgning the longest branch as
the root branch Other branches are attached recursively to the parent brah such that
each branch connects one leaf node to an interior node of itarpnt branch. A branch
represents the evolution of a contour either from a minimunota saddle or from a saddle
to a maximum. In the former case, the contour is created at a mimum and it merges
into a another contour at a saddle while in the latter case theontour splits from a saddle
and is destroyed at a maximum. The root branch is an exceptioiit represents evolution
of a contour from a minimum to its destruction at a maximum. Tle persistence of the
branch is equal to the dierence between the function valueat these points (saddle
and extremum). Figure 3.1 shows a contour tree and its branchedomposition. The
path adefhkn in the contour tree is the root branch in the branch decompdadsin. The
path hil is a child branch of the root branch. Simpli cation of a contour tree refers to
removing all branches whose end points have persistencedaeh threshold results and

the resultant contour tree is called asimpli ed contour tree.

3.4 Extremum Graph

A Morse cellis the union of paths of steepest gradient ascent that termate at a max-
imum [32], see Figure 3.2. The set of all Morse cells segmene thiomainM and this

segmentation is called theMorse decompositionof M. The Morse cells for the minima
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Figure 3.2: Morse decomposition and extremum graph. (left) e Morse cell for the
maximum, shown in red, is the union of paths of steepest graufit ascent that terminate
at the maximum. (right) Edges in the maximum graph link adjaent maxima to their
shared saddle shown in green.

of f is de ned analogously by considering f instead off and the resulting segmen-
tation is referred to as the Morse decomposition with respeto minima. Using the
Morse decomposition, Correa et al. introduced extremum gohs for designing topolog-
ical spines { a visual representation that captures both thgeometry and the topology
of the scalar eld [25]. We compute an approximation of the Mse decomposition with
respect to maxima by sorting all the vertices in the decreasy order of function values,
assigning a label to each maximum, and propagating the lalseio the adjacent vertices
visited in the decreasing order of function values. Each wisd vertex inherits the label
of the vertices in its upper link and the Morse cell associatewith a maximum is the
set of vertices with the label of the maximum. The Morse decqgmosition with respect
to minima is computed analogously. If a vertex inherits muiple labels, then it belongs
to the common boundary of the Morse cells associated with thabels. Maxima whose
Morse cells share a common boundary are said to be adjacenbr Each pair of adjacent
maxima, the vertex with the highest function value on the common boundary is marked
as their shared saddle To capture the adjacency relationship better, we work withthe
approximate Morse decomposition described above insteafdcomputing the true Morse
decomposition using gradient paths. The nodes ofraaximum graphare the set of max-
ima and their shared saddles. Edges in this graph link a paif adjacent maxima to
their shared saddle. Theminimum graph is de ned analogously. Theextremum graph

of a scalar eld can refer to either the maximum graph or the nmimum graph.



Chapter 4

Symmetry Detection Using Contour

Trees

Study of the level sets of a scalar eld is a popular method fanalyzing the behavior
of the scalar eld. A natural question that arises is if simérity in the behavior of level
sets can be used to detect symmetry. We study symmetry in saal elds with respect to
the topology of its level sets using the contour tree. Contodrees have been extensively
used in designing tools that assist users in data exploraticand visualization like fast
computation of isosurfaces and interactive exploration ¢érge data sets by tracking the
evolution of contours [16, 18, 19, 100].

We present an e cient algorithm for identifying symmetry in scalar elds that uses
the contour tree as an abstract representation of the levedts of the eld. This eliminates
the need to exhaustively examine all the level sets of the daset for reporting symmetry.
The size of a contour tree is typically much smaller than theize of the data from which
it is computed. Thus, working with contour tree signi cantly reduces memory and
processing requirements and insulates our technique froimetsize of the data set. Each
subtree of the contour tree represents a region of the undgrig domain and captures
the topology of its level sets. We de ne symmetry in scalar ks based on similarity of
the subtrees in the contour tree, which correspond to regisnn the domain with similar

level set topology. This leads to an algorithm that detectsysnmetry by classifying

15
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Figure 4.1: Symmetric patterns identi ed using the contour tee in a cryo-electron mi-
croscopy image of RuBisCO molecule in complex with RuBisC@rbe subunit methyl-

transferase (EMDB 1734). (left) Volume rendering of the mektule highlight repeating
structures in the scalar eld. (center) The contour tree forthe data set. Subtrees of the
contour tree are classi ed into di erent groups based on siitarity. Subtrees belonging to
a common group are shown with the same color. (right) Four derent types of regions,
indicative of the di erent subunits in the molecule, identied by the symmetry detection

algorithm shown in cyan, magenta, brown, and violet. Regi@with the same color are
symmetric.

subtrees into di erent groups. The classi cation is direced by a similarity measure that
compares subtrees based on a topological measure callediségnce. Figure 4.1 shows a
volume rendering of a cryo-electron microscopy image of RisBO molecule in complex
with RuBisCO large subunit methyltransferase (EMDB 1734) The data set is obtained
from EMDataBank (EMDB) [34]. The volume rendering highlighs the symmetric or
repeating patterns in the scalar eld. Four di erent groupsof regions identi ed by our
symmetry detection algorithm are shown in cyan, magenta, bwn, and violet. Regions
with the same color are symmetric. To identify these region®ur algorithm classi es
subtrees of the contour tree into di erent groups based on milarity. Subtrees that
belong to the same group are shown with the same color. We edt regions of the
domain corresponding to subtrees that belong to the same gppand report them to be
symmetric.

The main contributions of this method are the following:

Modeling the problem of detecting symmetry in scalar elds @d computing the

symmetric regions as a subtree classi cation problem in cwur trees.
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An algorithm for identifying symmetric regions in a scalar &d. The algorithm can
detect symmetric patterns at multiple scales and is e cientin terms of memory

usage and computational time.

A comparison measure for identifying similar subtrees of awtour tree. The simi-
larity measure is robust in the presence of noise and uses apact representation
of the contour tree hierarchy, called the hierarchy desctipr, for e cient compu-

tation.

Since the contour tree partitions volume data into di erentregions based on the
topology of level sets, it has been used in designing spdifaware transfer functions for
volume visualization by assigning distinct transfer fungons to di erent branches of the
contour tree [102]. This has been extended to automatic trafer function generation by
assigning opacity values to branches using a uid ow modelll2]. These methods do
not exploit repeating patterns in the scalar eld. We demonsate that these methods
can be extended to design a transfer function that explicitl highlights similar regions.
Identifying repeating patterns in scalar elds can also be sed to enhance applications
that use the contour tree for segmentation [16, 46, 96, 108hda shape matching [9,
11, 41, 97]. Contour trees have also been used to explore hdjmensional data via
a two-dimensional terrain representation called the topobical landscape [40, 68, 101].
We believe that these methods will also bene t from identifyng similar subtrees of the
contour tree. Since our symmetry detection algorithm is esstially based on the contour

tree, it can be used to identify repeating patterns in any dimnsion.

4.1 Contour Trees and Symmetry Identi cation

The topology of level sets of scalar elds can be consideremlie exactly symmetric when
their branch decompositions are identical. However, real wd data is never perfect and
scalar elds often contain noise. Hence, we need a more geh@®nition that captures

approximate symmetry in the topology of level sets. When twornch decompositions

are not exact, a natural measure of approximate symmetry ithé amount of overlap
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Figure 4.2: Each arc in the contour tree represents a region tbfe underlying domain.
(a) Radial layout of the branch decomposition of (b) the Fuetiata set. (c) Subvolume
corresponding to the orange branches (d) Two isosurface qooments extracted within
the subvolume corresponding to cyan branches. (e) Symmetiry scalar eld topology
does not necessarily capture symmetry in geometry. Elligtiand circular contours are
treated symmetric since they have the same level set topolog

between their branches. Consider a level set sweep of the damin the increasing order
of function values. Level set components are created at mima, they merge or split at
saddles, and are destroyed at maxima. A branch correspondasthe lifetime of a contour
and can be represented as an interval whose end points are faaction values at the
extremum and the saddle end points of the branch. Thus the Igth of the interval is the
persistence of the branch. Théarcode metriccompares two families of such intervals by
measuring the extent of overlap between intervals [24]. Osimilarity measure is similar
to the barcode metric and can, in addition, handle hierarchal relationship among the
intervals. Each arc between two nodes in the contour tree regsents a set of contours
associated with the function values that lie between the casponding pair of critical
points. Thus, once similar subtrees of the contour tree ardenti ed using our similarity
measure, the region in the domain corresponding to it can beasly extracted as a
union of subdomains corresponding to its constituent arcsSuch a region extracted
is highlighted in Figure 4.2(a)-(d) through a volume renderig using a spatially-aware
transfer function [102].

Consider two branch decompositionBD s and BD ; and a pairing of branche$ (bs; b)g,
wherebs 2 BDsandh 2 BD;. Letlsandl; be the intervals corresponding to branches

and by respectively. The overlap in persistence betwedrn and b is zero if the extremum
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of by is a minimum and that of ik is a maximum or vice versa. If the extrema oy and
lh are both maxima or minima, then the overlap between them is tiwe the length of the
interval 15\ ;. Each such pair of branches in the pairing identi es a corregndence
between the branches dBD s and BD;. To ensure that the pairing is consistent with the
branch decomposition hierarchy, we require that each bramaan be paired only once
and wheneverb; and by are paired, the corresponding parent branches are also ealy
provided both the parent branches exist. The total overlapni persistence of such a pair-
ing is the sum of overlaps of the paired branches. The percage of overlap is computed
by normalizing the total overlap by sum of persistence of aliranches oBD; and BD;.
We de ne the similarity betweenBD s and BD, as the maximum overlap over all possible
pairings of branches. We de ne two domains to bexactly symmetricwith respect to
scalar eld topology if the percentage of overlap of their lanch decompositions is 100%.
This corresponds to the branch decompositions being idecdi. Since our de nition of
symmetry is purely topological in nature, it may not capturesymmetry with respect to

the geometry of the level sets, as shown in Figure 4.2(e).

4.1.1 Symmetry Detection Pipeline

The topology of level sets of a scalar eld in di erent regioa of a domain often show
repeating patterns due to similarity in their scalar eld distribution. To detect such

regions e ciently, our algorithm represents the contour tee hierarchy using a descriptor
and uses it to estimate the percentage of overlap between teabtrees of the contour
tree. The pipeline used for symmetry identi cation is shownn Figure 4.3. In the rst

step, we compute the branch decomposition representatiofi the contour tree. Since
branch decomposition is not stable in the presence of noisee generate a stabilized
branch decomposition representation. Next, we traverse tharanches in the order of
increasing persistence. During this bottom up traversalubtrees are collected together
into groups. Each subtree encountered during the traversé& compared with existing
groups, using a similarity measure based on persistencethé subtree is similar to one

of the existing groups, then it is added to that group, else is assigned to a new group.



Chapter 4. Symmetry Detection Using Contour Trees 20

Compute Branch Stabilize Branch
Decompostion Decompostion

A4

Compute Subtre
Similarity

¢ . “Root branch after
‘“‘ 0 G e refinement ¢
8 e £ > @ .
ok P Refine Groups Form Groups
A ¢
¢ . ¥

Figure 4.3: Symmetry detection pipeline. Branch decompogih of input data is com-
puted and converted to a representation that is stable in theresence of noise. A
similarity measure is used to compare subtrees and classihem into di erent groups
during a bottom up traversal of the branch hierarchy. Group ssignment is then re ned
and regions belonging to the same group are reported as syntngeregions.

Once the group to which each subtree belongs is identi ed, ¢hsubtrees are revisited to
re ne the group assignment in a post-processing step. Aftehis re nement, all regions

of the domain that correspond to subtrees of a given group areported as symmetric.

4.1.2 Representing Contour Tree Hierarchy

When two subtrees are compared to determine if they are similaideally the entire
branch hierarchy should be examined for an accurate simiiyr estimation. However,
since our algorithm frequently compares subtrees, this i©mputationally expensive.

We propose a descriptor, called théierarchy descriptor as a computationally e cient
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Figure 4.4: Groups and frequency vectors. (a) Frequency vectepresents the frequency
of groups to which children branches are assigned. (b) Braresbgand ig match exactly
and have the same frequency vector. (c) Extrema of childrerrdncheshk and jk are
di erent, hence they belong to di erent groups, Group 1 and @oup 2. Frequency vector
of ig di ers from that of bg

representation of subtree hierarchy for matching subtrees€ach subtree of the contour
tree is assigned to a group. Each group represents a classiwfilar subtrees identi ed
by the percentage of overlap, which in turn corresponds to g®ns with similar level
set topology. The descriptor uses group assignment of lowewel subtrees encountered
during the bottom up traversal to generate a vector, calledhte frequency vector For
a given parent branch, we examine the group to which each ofithildren subtrees
belong and the frequency vector is generated based on the rhenof times each group is
encountered. Since the group to which each subtree is asgidno depends on the groups
of its children subtrees, the frequency vector representah captures the tree hierarchy of
children branches implicitly. Together with the frequencyector, the hierarchy descriptor
also stores the extremum and saddle values of the parent bdm resulting in a complete
representation of the tree hierarchy of the parent branch.

Consider a subtree rooted at, whose extremum and saddle values arext andr:sad.
Let r haven; children subtrees (possibly zero) belonging to Group Then the frequency
vector representation of the subtree i nq;ny;:::;n;; >. The hierarchy descriptor
of branchr is [rext;r:isad; < nq;ny;:::;n;; >]. For example, in Figure 4.4(a), the
frequency vector of branchese and ceis <> since they have no children branches. Let
ae and ce be assigned to Group 1. The frequency vector of brantiyis < 2 > because
bghas two children belonging to Group 1. Lebgbe assigned to Group 2. The frequency

vector of branchdl is < 0;1 > becaused| has no child belonging to Group 1 and one
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child belonging to Group 2. The branchese, ce hk, and jk in Figure 4.4(b), share
the same extremum and saddle values, saxt; and sad;, and have no children. Hence
their hierarchy descriptor is pxt;; sad;; <> ]. Let the extremum and saddle values of
branchesbg and ig be ext, and sad,. The hierarchy descriptor forbg and ig will be
[exty; sady;< 2 >]. The hierarchy descriptor is also used to represent a graufhus
making it possible to compare a subtree with a group. When a suee di ers from all
existing groups, a new group is created and the hierarchy deiptor of the subtree is
used as the descriptor for the group.

Hierarchy descriptors can be used to nd exact matches betwesubtrees by assigning
two subtrees to the same group if they have identical desctgrs. For example, consider
a bottom up traversal of the branch decomposition in Figure 4(b). Let ae be the rst
branch encountered and let it be assigned to Group 1. Hieraschlescriptor of Group 1
is equal to that of ae. Branchesce hk, and jk are identical to ae and hence they have
the same hierarchy descriptor ase. Since the hierarchy descriptors of these branches
match with that of Group 1, they are assigned to Group 1. Hierahy descriptor of
bg di ers from that of Group 1, hence it is assigned to a new groypGroup 2. The
descriptor of ig matches with that of Group 2 and hencdg is assigned to Group 2.
However, such a matching is not robust - once two branches arssgned to di erent
groups, their parent branches are always assigned to di eregroups, no matter how
similar the parent subtrees are. For example, in Figure 4.4(gk is assigned to Group 1
and hk to Group 2, and hence frequency vector of is < 1;1 >, which is di erent from
that of bg So,ig and bg are necessarily assigned to di erent groups even though the
are very similar. We next propose our similarity measure thas robust to small changes
in branch hierarchy and assigns subtrees to the same groupthe overall hierarchy is

similar, but not necessarily identical.
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4.1.3 Similarity Measure for Grouping Subtrees

For the exact computation of overlap between subtrees, thearimum overlap over all

possible pairing of branches needs to be computed. Sincestis computationally ex-

pensive, we use a heuristic to estimate the overlap betweemot branch decompositions.
Instead of examining the entire branch hierarchy, we estin@ the amount of overlap

between the corresponding hierarchy descriptors. The ol is calculated in two steps.

The rst step determines the overlap between parent branclse The second step deter-
mines the overlap between groups in the two frequency vecsoby estimating, for each

group in one descriptor, the group that overlaps the most fro the other descriptor.

Let the hierarchy descriptor for branchedy and by be

Let Is and I be the intervals corresponding tdx and by respectively, as described earlier.
Overlap betweenHs and H, is zero if the extremum ot is a minimum and that ofh is a
maximum or vice versa. Overlap between parent branches car bomputed using their
interval representation. The overlap between the childregroups in the frequency vector
of by and Iy is estimated as the maximum weight matching of a complete kaptite graph
that we construct. The vertices of this graph correspond torgups in the frequency
vector of by and ly and its edges are weighted with the overlap between pairs abgps.
Consider a complete bipartite graphG, whereV,; and V, are the set of vertices in the
rst and second partition, respectively, of the vertex set bG. The vertex setsV; and V,
represent the frequency vectors dfis and H; respectively. We constructG with P nibs
vertices inV; and P n? vertices inV,. Each vertex in the graph represents an occurrence
of a group and the overlap between groups iHs and H, is computed via a maximum
weight matching ofG. Consider an edge between a vertex corresponding to Grdup Hs
and Groupm in H,. Let H; and H, be the hierarchy descriptors for Group and Group

m respectively. The edge is weighted by the overlap betwekh and H,,. Once matching
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is computed and the overlap betweeH s and H; is estimated, we calculate the percentage
of overlap with respect to sum of persistence of all branchasthe subtrees rooted aths
and b and use this percentage to determine Hs and H, are similar. Intuitively, for each
occurrence of a group iHg, we try to determine which group inH; is most similar to it.
The edges in the matching give the correspondence betweeonups and the maximum
weight matching gives the overall similarity between groupin Hs and H,. Although we
have de ned overlap recursively, for e ciency reasons, ouimplementation uses a table
that stores overlap between groups and computes the overlapan iterative procedure.

We summarize the computation of the similarity measure in Algrithm 4.1.

Algorithm 4.1  Computing Similarity Measure (branchbs, branch by)

1. Represent branche$, and by using the hierarchy descriptor (Section 4.1.2).

2: Let the overlap between parent branchek; and b be O;.

3: Construct a complete bipartite graphG with vertices representing groups of children
branches ofy, and b and edge weights representing their overlap.

4: Compute maximum weight matching ofG. Let the weight of this matching beO,.

5. Let ps and p; be the sum of persistence of all branches in the subtrees redtat b
and h.

. 0.+0
6: Similarity measure = ———2

Ps + Pt

100.

Consider the branchedgand ig in Figure 4.4(c). Letf (x) denote the value of the

scalar eld at vertex x. Let

exty = f(a)=f(c)= f(j):
sad; = f (e) = f (k);

sad, = f (g):

ext, = f(b) = f(i);
extz = f (h);

Overlap betweenbgandig isf(g) f(b)+ f(g) f(i)=2(sad, ext;). The bipartite
graph construction ofbg and ig for matching groups in the frequency vector is shown
in Figure 4.5. The vertices on the left correspond to the fregucy vector ofbg and
has two instances of Group 1, whereas the vertices on the tigtorrespond toig and
has one instance each of Group 1 and Group 2. An edge from GroupolGroup 2 has

weight 2(sad, ext3) and an edge from Group 1 to itself has weight 8ad, ext;). The
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2(sad - extr)

2(sad - extb)

Figure 4.5: A complete bipartite graph is constructed to matt groups in the frequency
vectors ofbgand ig in Figure 4.4(c). A vertex is created for each occurrence of aogp

and edges are weighted with the amount of overlap between tlyoups. The total

overlap between the frequency vectors is de ned to be the maxum weight matching of
the graph, shown in green.

maximum weight matching pairs the rst instance of Group 1 fom bgto Group 1 fromig
and the second instance of Group 1 frotagwith Group 2 from ig, indicated by the green
edges in Figure 4.5. Thus, the overlap between frequency ad is 26ad;  ext;) +
2(sad; ext3) and the total overlap is 26ad, ext;) +2(sad; ext;) +2(sad; exts).
The similarity measure correctly identi es that the two higarchies overlap except for
ext; ext;. The percentage of overlap is,—2(53% exta*sad ext;+sad; exts) 100.

2(sad, extp+sad; exty)+(sad; extz+sad; ext)

Since there is considerable overlagyg and ig are assigned to the same group. Our

similarity measure is robust in the presence of noise becausidenti es overlap between
the children groups even when children branches are assigne di erent groups. Parent
branches are assigned to the same group when their hieragshiare similar but not

necessarily equal.

4.2 Algorithm for Grouping Similar Subtrees

We now describe the algorithm that groups subtrees of the cimur tree. The algorithm

operates in three stages. The rst stage generates a stablebch decomposition repre-
sentation of the contour tree. This ensures that the subtreecan be robustly compared
in the presence of noise. In the second stage, similar suletseare grouped together by

comparing their hierarchy descriptors. The groups thus fared are further re ned in the
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Figure 4.6: Pre-processing and post-processing of branclhca@mposition. (a) Parent-
child relationship of branchc and branch p is not stable. (b) We stabilize the branch
decomposition by changing the parent-child relationship.Branch ¢ is moved up the
hierarchy to become a sibling op and a child ofg. The low persistence brancls is also
removed. (c) Subtree rooted at branclah is split further to identify similar subtrees.
Subtree rooted at partial branchag is similar to cg and the partial branchesaf and ce
are similar to bf and de.

third and nal stage.

4.2.1 Stabilizing Branch Decomposition Representation

The branch decomposition of a contour tree cannot be diregtprocessed for detecting
symmetry because it is highly sensitive to noise in the inpwgcalar eld. We pre-process
the branch decomposition through simpli cation and rearragement of branch hierarchy
to get a more stable representation. Branches whose persiste is less than a small
threshold are rst removed. A lower threshold helps detectrsall repeating patterns at
the cost of more computation. If the saddle value of a child bBnch is very close to that
of the parent branch, then a small change in saddle values catter the parent-child
relationship. To make the branch hierarchy stable with resgct to small perturbations
in the scalar eld, we move the child branch up the hierarchy rd make it a sibling of
its erstwhile parent branch. We continue moving the child kanch up the hierarchy until
the saddle values of the child branch and parent branch aregsi cantly di erent.
Consider a level set sweep that results in the branch decongitcon shown in Fig-
ure 4.6(a). The level sets corresponding to branahmerge with that of branchp and
in turn merge with that of branch g. Note that the function value corresponding to the

saddle of branchc is lower than that of branch p and this could be an artifact of the
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noise in the data. If the saddle value of branch was higher than that of branchp, then

branch ¢ would have been a child of brancly instead of branchp. We consider such
parent-child relationships to be unstable since small pantbations in the scalar eld can
change the branch decomposition hierarchy. In Figure 4.6(ahe topology of level sets
of branchesc, o and p are similar. However, if this unstable branch decompositiors

used, our algorithm will treat them to be di erent since the sibtree rooted at branchp

is di erent from the subtree corresponding to branclo. For robust detection of similar
subtrees, we require a stable branch decomposition.

We consider a parent-child relationship to be unstable if #aratio of the di erence in
the saddle values to the persistence of the parent branch &s$ than a tunable threshold.
Since the branches and p are unstable, we move the brancbhup the hierarchy and make
it a child of g, see Figure 4.6(b). We do this rearrangement for each branchceuntered
during the bottom up traversal of the branch decompositionNote that the parent of ¢
may further change while processing branof if the parent-child relationship of branch
c and branchg is unstable. Similarity between the subtrees correspondjrto branches
c, 0, and p can now be identi ed by our algorithm from the stable branch dcomposition
in Figure 4.6(b). A higher threshold for stabilizing branche makes the branch hier-
archy more stable in the presence of noise and leads to morpeaating patterns being
detected at the cost of a less faithful representation of theranch decomposition hierar-
chy. Figure 4.7(a) shows the branch decomposition of RuBisQ®@olecule. Simpli cation
removes low persistence branches that appear as at edgesaimadial layout, see Fig-
ure 4.7(b). The stable branch decomposition after changingranch hierarchy is shown

in Figure 4.7(c).

4.2.2 Comparing Subtrees to form Groups

We traverse the stable branch decomposition bottom up and sign a group to each
subtree encountered during the traversal. Groups are numiteel in increasing order
beginning with 1. Initially, no groups exist and Group 1 is agated from the rst leaf

branch. A subtree is processed by generating its hierarchgstriptor and comparing it
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Figure 4.7: Simplifying and stabilizing the branch decompa®n. (a) Branch decom-
position of RuBisCO molecule. (b) Simpli cation removes M persistence branches.
(c) Unstable branches are made stable by changing parentdchielationship.

with the hierarchy descriptor of each of the existing groupss described in Section 4.1.
We determine the group for which the percentage of overlap maximum and if this
overlap is greater than a threshold, we assign the subtreettze group. If the percentage
of overlap is lower than the threshold, we create a new groupssign the subtree to
this group, and store the hierarchy descriptor of the subteeas the hierarchy descriptor
for the group. Figure 4.8(a) shows the assignment of subtretesdi erent groups. The
hierarchy descriptor of a subtree is compared with the hierehy descriptor of all existing
groups. When a new group is created, the overlap of the grouptiwvieach existing group
is stored in a table and used for determining the weight of edg during the bipartite

graph construction.

4.2.3 Re ning Groups

Groups to which subtrees are assigned to during the bottom upaversal of branches
require further re nement before symmetric regions can balenti ed. Subtrees are as-
signed to groups on-the-y during the bottom up traversal. Br a given subtree, it is
possible that a group created later during the traversal is hetter match than what it
was initially assigned to. Since all groups are created aftthe bottom up traversal, we
X this issue by traversing the branch hierarchy again, and ssigning each subtree to the

best group by comparing the hierarchy descriptor of each swbe with that of all groups.
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Figure 4.8: Computing and re ning groups of subtrees of the Bnch decomposition.
(a) Subtrees in the stable branch decomposition are classd into di erent groups based
on similarity between the hierarchy descriptors. Branchesith the same color belong to
the same group. (b) The root branch is split and is assigned groups corresponding to
magenta and yellow branches.

During the re nement stage, each subtree is assigned to a gie group. However,
parts of a subtree may better match other subtrees. Considbranchah in Figure 4.6(c).
The branch hierarchy of branchah has several repeating parts - the subtree rooted at
branch cg is similar to the subtree rooted at the partial branchafg and its child bf.
Similarly, the partial branch af and ce match with bf and de. Hence, ifbf and de are
assigned to one group then the partial branched and cealso should be assigned to the
same group. Similarly, the subtree rooted at the partial brach ag should be assigned
to the same group as the subtree rooted ag. In order to identify all repeating regions
corresponding to a group, each subtree is analyzed to detédica part of it is similar to
the group. We sweep each subtree from extrema to saddle andvgete the hierarchy
descriptor for the partial subtree encountered. If the paral subtree is similar to a group,
then the partial subtree is assigned to that group and the swe continues. Since the
root branch has two extrema it requires two sweeps, in the diction of increasing and
decreasing function values. The upper and lower end of theotdoranch in Figure 4.8(a)
is split and regrouped as shown in Figure 4.8(b). Now, for eachogp, all similar subtrees
belonging to the group are identi ed and the region of the doain corresponding to each

subtree is extracted and reported to be symmetric.
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Figure 4.9: Graph showing the number of branches in the contotree plotted against
simpli cation ratio for the Fuel data set. Initially, there is a sudden drop due to noise in
the data. The value at which the graph tapers o is used as an @®ate for simpli cation
ratio and stabilization ratio.

4.3 Results and Discussion

We now present results from our analysis of the performancétbe symmetry detection
algorithm. We also describe our experiments on several dagats that demonstrate the
wide applicability of the symmetry detection algorithm. Branches whose persistence is
less than 1% of the root branch are simpli ed. A branch is coidered to be unstable
if the dierence in saddle values of parent and child branclseis less than 1% of the
persistence of the parent branch. Subtrees are assigned t@mup if the similarity
between the corresponding hierarchy descriptors is moreatn 90%. The above mentioned
parameter values are used uniformly for all data sets. The rashold for simpli cation
and stabilization depends on the noise in the data and we astte this by plotting the
number of branches in the contour tree against increasingrgpli cation ratio as shown
in Figure 4.9. Initially, there is a sudden drop in the number bbranches as the low
persistence branches corresponding to noise in the data aeenoved. The simpli cation
ratio and the stabilization ratio that we choose corresporgdto the value at which the
initial drop in the number of branches tapers o. We identify symmetry at di erent
scales - regions that correspond to leaf branches are at teadlest scale and larger scale
symmetric regions correspond to subtrees that are higher ihé branch decomposition

hierarchy.
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Figure 4.10: Symmetric regions identi ed within four data ses - Buckyball ( rst box),
Vortex simulation (second box), Neghip (third box), and Fuelfourth box).
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4.3.1 Discussion

Figure 4.10(a) shows the Buckyball data set that contains gix carbon atoms shown
in red. Each maximum corresponds to a carbon atom. We identifthe scalar eld
distribution of the spatial region corresponding to each dhese atoms to be symmetric.
The extracted regions are shown in Figure 4.10(b). With our deti¢t threshold of 1% for
identifying unstable branches, we see that some of the atommerge together in groups
of two while others merge in groups of three as shown in Figureld(c). Increasing the
threshold to 2% results in ve carbon atoms merging togethetio form a ring as shown
in Figure 4.10(d) and we detect twelve symmetric rings. If théhreshold is increased to
8% then all children branches merge with the root branch andevdo not identify any
relationship among the carbon atoms with respect to the wayhey merge. The contour
trees corresponding to these thresholds are shown in Figurd X

Figure 4.10(e) shows two regions grouped together, one of whiis occluded by
a spherical envelope. Though the geometry of these region® ali erent, we report
them to be symmetric since the scalar eld distribution of tlese regions are similar.
Figure 4.10(f) shows a volume rendering of the Vortex data sewhich shows the tem-
perature distribution in a vortex ow. There are several repating patterns at di erent
scales. Figure 4.10(g)-(k) show repetitions at small scaJeshere as Figure 4.10(1)-(m)
show repetitions at a larger scale, and Figure 4.10(n)-(0) e the symmetric regions at
the largest scale. Though the regions shown in Figure 4.10@pe symmetric geometri-
cally, they are classi ed into two groups since the di erene in scalar eld distribution
is signi cant at the smallest scale. However, the similaritymeasure is robust and cor-
rectly identi es that at larger scales the di erence is not gni cant and these regions
are grouped together as shown in Figure 4.10(m). Figure 4.10@Ghows the Neghip data
set and re ective symmetry present in it. Figure 4.10(q) show four dierent re ec-
tive symmetric regions identi ed by our algorithm. Figure 410(r)-(s) show symmetric
regions at larger scales. We also identify eight small symtrie regions as shown in Fig-
ure 4.10(t). Figure 4.10(u) shows the Fuel data set which is deid of symmetric regions

in the subvolume corresponding to the shaft. We identify dierent symmetric regions in
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the subvolume corresponding to the crown as shown in Figurel®(v)-(w). All regions
repeat four times except the blue region in Figure 4.10(v) wth repeats eight times.
The blue regions merge to form a larger symmetric region shiown Figure 4.10(x). The
branch decomposition for these data sets are shown in Figurd 2. Figure 4.1 shows four
symmetric regions in RuBisCO data set identi ed using simpkation and stabilization
threshold of 7%. A higher simpli cation ratio was used to redce the number of groups

for ease of illustration.

(©)

Figure 4.11: Contour tree for the Buckyball data set after prgprocessing using di erent
stabilization ratios. (a) At 1%, one set of carbon atoms meggin groups of two while
another set merge in groups of three. (b) At 2%, carbon atomserge in groups of ve.
(c) At 8%, all children branches merge with the root branch ah we do not see any
relationship in the way the carbon atoms merge.
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Figure 4.12: Stable branch decomposition showing re ned grps for (a) Buckyball, (b)
Vortex simulation, (c) Neghip, and (d) Fuel.

4.3.2 Performance

The computational cost of our algorithm is dominated by theitme spent in the bottom
up traversal to identify similar subtrees. Table 4.1 showshe time taken and memory
used for grouping subtrees of the contour tree. We assume the contour tree is
available as input. The contour tree of a scalar eld can be ogputed e ciently in terms

of computational time and memory usage [28, 29, 70]. Sincergunethod only examines
the contour tree, it is insulated from the size of the data. Té time taken and memory
used by our implementation depends only on the size of the ¢ouar tree and the number

of groups identi ed.
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Table 4.1: Time taken to group subtrees of the contour tree ffosarious data sets. All
experiments were performed on a workstation with a 2 GHz Inte{eon processor.

simpli ed time | memory
Data set | vertices | branches| branches | groups | (sec)| (MB)
Buckyball || 509 309693 61 8 0.18| 851
Vortex 64° 1014 321 21 0.41 0.20
Neghip 505° 24437 112 51 0.20 0.70
Fuel 505° 2788 45 19 | 0.03| 0.09
RuBisCO 80° 41150 1703 126 | 27.7 6.67

4.4 Conclusions

We have described a method for detecting symmetry in scalaeld topology. Our method
analyzes the contour tree of a data set and uses a similaritye@sure based on persistence
to group together similar subtrees of the contour tree. Symetric regions are then
extracted from subtrees belonging to the same group. Our nietd is e cient in terms
of computational time and memory usage.

The main limitation of our method is that symmetry detectionis solely based on the
structure of contour trees and our method fails when symmetrregions do not manifest
as repeating subtrees of the contour tree. Hence, our methodas$ not perform well if
the scalar eld is noisy and branches of the contour tree casponding to noise have
high persistence or when the scalar eld has large at regien This is illustrated with
an example in Figure 5.1. The hierarchy descriptor and the silarity measure we use
for subtree matching is a good estimate but not as accurate agamining the complete
branch hierarchy. Further, our method ignores the geometnyf repeating regions. Hence,
it is possible that regions with di erent geometry are groupd together and regions with
similar geometry are grouped di erently. These limitatiors present interesting challenges

and the next two methods we propose address these challenges
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Symmetry Detection Using

Extremum Graphs

Symmetry detection methods that use graph-based represatibns of the scalar eld
like the contour tree assume that symmetry in the data manifgs as similar subgraphs.
These methods employ subgraph matching algorithms to idefyt symmetry. As shown
in Figure 5.1, noise in the data results in noisy subgraphs thare not similar. Hence,
these methods perform poorly when there is signi cant noise the data. In this chapter,
we propose a data structure called the augmented extremumegph and use it to design a
novel symmetry detection method based on robust estimatiaf distances. The design of
the augmented extremum graph involves incorporation of bbttopological and geometric
information of the scalar eld and is derived from a simpli & representation of the
Morse-Smale complex called the extremum graph [25]. The MerSmale complex is
a partition of the domain into cells based on the gradient ofhe scalar eld and has
been used for segmentation [20, 106], meshing [27, 54], atalwng various scienti c
phenomena such as turbulent structures, channel structuisen porous material, and for
terrain representation [15, 37, 53].

Augmenting topological constructs with geometric informabn results in powerful
abstract representations as demonstrated recently in thdusly of pore networks [42,

98]. Augmenting the extremum graph with geometric informatin facilitates e cient

36
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Figure 5.1: The contour tree-based method fails to detect synetry when the repeating
structure of the branches corresponding to the symmetric gens is destroyed either due
to noise or changes in the level set topology. (left) A synthie terrain data set where
the region on the left and right are symmetric. Paths in the agmented extremum graph
may be used to estimate distances robustly in the presencengiise whereas (right) noise
in the data destroys the repeating structure of the subtreds the branch decomposition
representation. Thus the violet and the blue subtrees cosponding to the symmetric
regions on the left and the right are not identi ed to be repeting and the symmetry is
not detected.

detection of symmetry in a geometry-aware manner. Figure 5shows an illustration
of our method. The left gure shows 4-fold rotational symmaet in the cryo-electron
microscopy (cryo-EM) data of Rubisco RbcL8-RbcX2-8 comple(EMDB 1654). Our
algorithm performs Morse decomposition of the data and sets a set of Morse cells as
seed cells. The augmented extremum graph is traversed to qmute distances from the
seed cells to the remaining Morse cells and merge the seedsdato super-seeds. Eight
seeds are selected for this data set and they merge to formrfeuper-seeds, as shown at
the center in Figure 5.2. The four super-seeds provide an ik estimate of the 4-fold
symmetry in the data which is then expanded in a region growinstage. The 4-fold
symmetry in the data thus identi ed is shown on the right.

The main contributions of this work are the following:

A symmetry detection method that can detect symmetries in sdar elds with

respect to rigid body transformations. We propose a data sicture called the
augmented extremum graph, which integrates topological dngeometric informa-
tion of the scalar eld and use it for computationally e cient and geometry-aware

symmetry detection.

Our algorithm detects global symmetry even in the presencd signi cant noise.
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Figure 5.2: Symmetry identi cation algorithm based on augmmated extremum graph
detects symmetry even in the presence of signi cant noise the electron microscopy
data of the Rubisco RbcL8-RbcX2-8 complex (EMDB 1654). (leftvolume rendering
shows symmetry and noise in the data. (center) A set of seedlsds chosen as source
vertices for traversing the augmented extremum graph of theata. During the traversal,
the seed cells merge together to form four symmetric superesis. Seed cells that belong
to a common super-seed are shown with the same color. (righthe initial estimate of
symmetry is expanded in a region growing stage to identify éhsymmetric regions. A
symmetry-aware transfer function highlights the 4-fold rtational symmetry detected in
the Rubisco complex.

If the amount of noise is not high, our algorithm can detect pdéial symmetry as

well.

Existing techniques that detect scalar eld symmetry usingsubgraph matching
have limitations in handling noisy data [12, 92]. Our metho@dddresses this short-
coming by using the augmented extremum graph only for distae computation

and not relying on subgraph matching for symmetry detectian

We demonstrate the e ectiveness of our method through extsive experiments on
several cryo-EM data sets and show that our method yields het results in the
presence of noise. Thus, our method is able to bridge a gap hetapplicability of

previous methods to noisy data sets.

5.1 Augmented Extremum Graphs

We use the extremum graph as a data structure for computing stences because it

captures proximity relationship between the extrema of a atar eld. Since symmetry
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identi cation with respect to the maximum graph and the minimum graph are analogous,
henceforth we restrict our attention to the maximum graph. Fgure 5.3 shows a scalar
eld where the light gray patches correspond to regions withigh function values. The
maximum graph, on the left, shows adjacent maxima such asand b connected to their
shared saddlec. Correa et al. introduced extremum graphs for designing ta@togical
spines { a visual representation that captures both the geagiry and the topology of the
scalar eld [25]. They note that the extremum graph captureshe geometric proximity
of the extrema much better than the contour tree. This is illstrated in Figure 5.3,
where the contour tree (shown partially) requires a path of ve edges,e-g-h-k-l-n, to
connect the geometrically close extrema and n. On the other hand, the extremum
graph connects them with a shorter and a more natural patk-I-n of length two. Also,
the contour tree connects extrema and m that are far apart with the path a-c-h-k-m
of length four, which is shorter than the corresponding natal path a-p-d-g-e-k-m of
length six in the extremum graph. Such unintuitive connectins in contour trees fail to
capture the proximity relationship between the extrema.

While the abstract de nition of the extremum graph captures nmimal proximity
information, it does not capture signi cant geometric infemation about the scalar eld.
The extremum graph can be viewed as a gradient ow graph, whesdges connect a
shared saddle to its adjacent extrema along the path of steegt gradient ascent / descent.
For a 2D scalar eld, such a path in the domain can be embedded the surface plot

of the function and this allows incorporation of more geomst information about the

Figure 5.3: The extremum graph represents the geometric stture of a scalar eld
better than the contour tree. (left) The extremum graph conects the adjacent extrema
through their shared saddle and represents proximity infanation better than (right) the
contour tree.



Chapter 5. Symmetry Detection Using Extremum Graphs 40

scalar eld into the extremum graph, see Figure 5.4.

5.1.1 Geodesic Distance Between Extrema

Geodesic distance between two points on a shape is an intimproperty of the shape
that remains invariant under isometric transformations ad has been used for identifying
symmetries of a shape [50, 77]. In the rest of this chapter, wise the phrase \path
between two points" to refer to the path in the hypersurface lpt of the scalar function.

Our method requires the computation of the geodesic path heten two extrema.
Since computing the exact geodesic path is expensive, we goee to approximate it
using the shortest path in the embedded extremum graph. Howay the extremum graph
consists only of edges between extrema and shared saddled s the shortest path
between two non-adjacent extrema in the extremum graph detes considerably from
the true geodesic path. For example, consider the shortesath between the extremac
and f in the extremum graph in Figure 5.4. For clarity, only a subsebf the edges of
the extremum graph is shown in blue. The shortest path consssof four edges - two
edges that connect the extrema& and e and two edges that connect the extrema and
f through their respective shared saddles. Depending on theight of the intermediate
extremum e, the length of this path can be arbitrarily di erent from the true geodesic
path because the shortest path in the extremum graph is fordé¢o pass throughe whereas
the geodesic path may bypass the extremum.

To overcome this problem, we augment the extremum graph bysarting additional

Figure 5.4: The geodesic distance between an extremum andstered saddle is approx-
imated as the length of the corresponding edge in the embeddextremum graph. To
approximate the geodesic path frone to f , the intermediate extremume is bypassed by
directly connecting its shared saddles with the magenta eelgDistance between the pair
of extremac and f is similar to the distance between its symmetric pait and g.
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edges that directly connect the shared saddles of an extremwas shown by the magenta
edge that bypasses the extremura. Thus, inserting edges between the shared saddles
allows extrema corresponding to noise to be bypassed. Thisamakes the geodesic path
estimate more robust. Assume that due to noise, a shared sagldloes not exist between
the extremag and | and the shortest path betweerg and | in the extremum graph is
g-h-i-m-I. The path has to traverse through all the intermediate extrma, in this case
the extremum i, which distorts the shortest path estimate. By directly conecting the
intermediate shared saddles, shown by the magenta edga, we obtain a better estimate
for the shortest path. This path is not signi cantly di erent from the true geodesic path
betweeng and |. On the other hand, if a shared saddle did exist betweemand | and
the path betweeng and | through this shared saddle was the shortest, then our method
will detect and use this path.

We also note that explicit computation of the gradient liness required to embed the
extremum graph, whereas an abstract representation of thgteemum graph can be easily
obtained once the shared saddles and their adjacent extrerage determined. Hence,
instead of computing the length of the edges in the embedded®emum graph, we assign
to each edge a weight equal to the approximate length of theamesic path between the
endpoints of the edge. Though we augment edges between tharskd saddles for distance
computation, we do not explicitly insert these edges in thexeemum graph. Instead, we
perform all computations on the extremum graph and infer thaugmented information
on-the-y during the path computation. While all illustrati ons of the extremum graph

are for 2D scalar elds, the discussion holds for higher dimsions also.

5.1.2 Symmetry from Distances

We observe that for two regions that are symmetric, the distece between a pair of
extrema in one region is equal to the distance between theyrsmetric counterparts in
the second region. Consider the paths from symmetric mourns c and | in Figure 5.4
to the neighboring symmetric mountaind and g, respectively. Although the two paths

di er signi cantly, the geodesic distance estimate is roulgly the same. The noisy hille
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is bypassed and the absence of the shared saddle betwgeand | is compensated for
by directly connecting the saddlesr and m. The distance between extrema is estimated
robustly and similar distances is a good indicator of symmet regions. We assume that
di erent symmetric regions are well separated in terms of diances in the hypersurface
plot of the scalar eld while features within a symmetric regn lie in close proximity to
each other. This can be seen in Figure 5.4 where the path betweemountain on the left
and one on the right is longer than the path between a pair of ggtent mountains both
of which lie on the same side. We exploit this separation bed®n symmetric regions and
remove long paths from the augmented extremum graph to obtaa set of disconnected
subgraphs. These graph cuts partition the domain into di eent symmetric regions. For
example, the domain shown in Figure 5.4 will be partitioned to the region on the left
and the region on the right after removing the long paths in tb augmented extremum

graph.

5.2 Extremum Graph and Symmetry Detection

Our symmetry detection pipeline is shown in Figure 5.5. Givena scalar eld as input,
we rst compute its Morse decomposition and the associatedkteemum graph. The
resulting Morse decomposition may be over-segmented. Wearsen it and generate a
simpli ed extremum graph. Next, we classify the Morse cellsiio di erent groups based
on similarity of their histograms. The extrema of the cellstiat belong to one such group
are selected as a seed set. These pre-processing steps a@ided in Section 5.2.1 and
Section 5.2.2. Starting from each seed, the augmented eximem graph is traversed
iteratively by visiting, at each iteration, the extremum that is closest to the seed. When
the traversal from a seed reaches another seed, the two seagsdeclared to be merged.
Once all the seeds merge, we use the distance between pairse&ds to cluster them
into super-seeds. Augmented extremum graph traversal andpgr-seed formation is
explained in Section 5.2.3 and Section 5.2.4. The Morse saibrresponding to the seeds

that belong to a common super-seed are the initial estimates the symmetric regions.
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Figure 5.5: Symmetry detection pipeline. The extremum grapbf the input data is
computed and simpli ed. A set of extrema are then selected aseds and the augmented
graph is traversed starting from the seeds. During the traveal, seeds merge to form
symmetric super-seeds. Finally, the symmetry of the supeeeds is expanded in a region
growing stage and the symmetric regions are reported.

The symmetry is expanded in a region growing stage by mergioglls in the neighborhood
of the seeds. For detecting di erent partial symmetries, th above procedure is repeated

with a di erent seed set. These post-processing steps aresdgbed in Section 5.2.5.

5.2.1 Simpli cation of the Extremum Graph

We compute the extremum graph and simplify it for computatioally e cient traversal.
Our simpli cation procedure coarsens the initial Morse desmposition by merging a
Morse cell into its adjacent cell based on two parameters { p@stence and size. For an
edge between the extremum of a celland the saddle shared with an adjacent ce]l,

if its persistence [33], which is the di erence in function alues between the extremum
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and the saddle, falls below a threshold, thenis merged intoj . Similarly, if the size of
a Morse cell, measured in terms of the number of vertices thaé within the cell, falls
below a threshold then it is merged with an adjacent cell.

When a celli merges into a cellj, the extremum ofi, and all its shared saddles
and edges are removed from the graph. The shared boundaryjotlso changes and
the shared saddles are updated / created and edges are inedrbetween the shared
saddles and the adjacent extrema. A saddle that exists afteimpli cation is called a
surviving saddleand a saddle removed during simpli cation is called aanceled saddle
Since computing the length of geodesic paths encounteredritig the graph traversal is
expensive, we approximate it as the sum of Euclidean distasof the edges in the path.
For 3D scalar elds, we normalize the spatial coordinates anthe scalar values of the
input to lie within the unit hypercube in R* and embed the abstract extremum graph
in R*. The rst three coordinates of a node are the spatial coordates and the fourth
coordinate is the scalar value of the corresponding criticpoint. For simplicity, we use
uniform weights for normalization. Any normalization procdure may be used as long
as it preserves the relative distances between the seeds.

Simpli cation removes many of the shared saddles and a suving saddle may lie
arbitrarily far away from the extrema that it is adjacent to after simpli cation. Directly
using the Euclidean approximation for computing the lengtlof a path in the simpli ed
graph will lead to signi cant errors. Therefore, the canceld saddles and the edges
removed during simpli cation are taken into account to estnate the length of paths in

the simpli ed graph. An edge between a surviving shared saddlnd an extremum is

a a C Cc
mnor mnor mnor

Figure 5.6: Bookkeeping of distance during simpli cation. |éft) An extremum graph
where the extrema are shown in red and the shared saddles iregm. (center) During
simpli cation, u merges intov and x merges intoc. The surviving saddlem stores the
length of the path betweenm and n. Similarly, o stores the length of the path between
oandr. (right) When m is canceledo stores the length of the path betweem andr.
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the result of zero or more simpli cations. The shared saddlef the extremum in the
unsimpli ed graph that lies on the path to the surviving sadde is called theoriginating
saddle To keep track of edges removed during simpli cation, eachussiving saddle
stores the originating saddles of the extrema that it is adfent to and the length of the
path between the originating saddles. Consider the extremmugraph shown on the left
in Figure 5.6. During simpli cation, let the cell u merge with v, canceling the saddlen
and the cellx merge with ¢, canceling the saddle as shown in the middle gure. The
surviving saddlem is adjacent toa and v and stores their originating saddlesm and n.
Similarly, o stores the originating saddles o¥ and ¢, namely o and r. To ensure that
distances are calculated correctly, each surviving saddiéso stores the distance between
its two originating saddles. Before simpli cation, this dstance stored at each saddle is
zero. When a saddle is canceled, the distance stored at the\suing saddle is updated
to equal the sum of the distance stored at the canceled saddtee distance stored at
the surviving saddle, and the length of the edge connectingéd two originating saddles
of the cell that gets merged. Befor@ is canceled, the distance stored by the surviving
saddlem and the canceled saddla is zero. After cancelingn, the distance stored bym

is the length of the edgem-n that bypasses the extremurnu, calculated as the Euclidean
distance betweerm and n. Similarly, after r is canceled, the surviving saddle stores
the distance betweero and r. Eventually, after m is canceled, the surviving saddl®
storesm andr as its originating saddles and the distance stored atis equal to the sum
of the distance stored ato (length of the path o-r), the distance stored at the canceled
saddlem (the length of the path m-n), and the distance of the edg@&o, which connects
the originating saddles ofv. Thus the evaluation of distances remains the same in the
unsimpli ed graph and the simpli ed graph.

To determine the simpli cation threshold, we plot the drop h the number of critical
points against the simpli cation parameter which is the pesistence normalized to lie
between 0 and 1. This plot for simpli cation is shown in Figures.7 for four data sets
EMDB-1654, EMDB-1179, EMDB-1603, and EMDB-5331. A volumeendered image of

EMDB-1654 is shown in Figure 5.2 and volume rendered imagestioé remaining data
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sets are shown in Figure 5.14. A similar plot is obtained forrapli cation with respect
to the size of the Morse cells. In both cases, we see that ialty there is a sudden drop
in the number of critical points due to noise in the data. We dehe thresholds to the
value at which the drop in the number of critical points stalizes, which can be identi ed
as the beginning of the horizontal section in the plot. Latestages of the pipeline and
the results are not sensitive to the exact value of the threskld chosen because the
bookkeeping procedure described above ensures that the lp&ngth computed is not
a ected by the simpli cation. The main purpose of simpli cation is to improve e ciency
of graph traversal by removing spurious critical points imoduced by noise in the data.

A simpli cation threshold of 1% of the maximum persistence osize su ces in most

cases.
16000 60000
2 © 50000
£ 12000 < 40000
2 8000 2 30000
S 4000 8 20000
= £ 10000
g oblVVVMmmm QI OO0
0 0.06 0.12 0.18 0.24 0.3 0 0.06 0.12 0.18 0.24 0.3
Simpli  cation Simplification
(a) EMD-1654 (b) EMD-1179
20000 60000
2 » 50000
£ 15000 S 40000
Ti 10000 _? 30000
£ 5000 2 20000
= = 10000
(8] [8)
F* 0+ } ; : 7 : : - - - | F 0~ T T T T T T T T T |
0 0.06 0.12 0.18 0.24 0.3 0 0.06 0.12 0.18 0.24 0.3
Simplification Simplification
(c) EMD-1603 (d) EMD-5331

Figure 5.7: Plot of the number of critical points with increamg values of the simpli ca-
tion parameter for four data sets EMDB-1654, EMDB-1179, EMB-1603, and EMDB-
5331. The value at which the drop in the number of critical poits stabilizes is used as
the threshold for simpli cation.
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Figure 5.8: Plot of the increase in the number of seeds with ie@ase in EMD threshold
for four data sets EMDB-1654, EMDB-1179, EMDB-1603, and EMB-5331. For data
sets other than EMDB-1179, initially, the EMD of the seeds isearly zero after which
there is a signi cant increase in the EMD. The value just bef@ the sudden increase in
EMD can be used to identify seed sets. For the data set EMDB-19, the plot does not
show such a sudden increase and hence the seeds are identusithg a semi-automatic
procedure.

5.2.2 Seed Set Selection

Selection of good seed sets is crucial for meaningful symrest to be detected by our
algorithm. Ideally, seeds should be chosen such that theyeasymmetric and represen-
tative of the symmetry in the input. Automatic selection of maningful features from a
data set is a challenging problem and though solutions may blesigned for speci c cases,
a generic approach that works across data sets is not known. rid¢e, we do not attempt
to nd a generic solution to the related problem of automaticseed selection. For typical
cryo-EM data sets, the histogram of the scalar values of synatnic seeds cells are very
similar. We use a heuristic procedure based on histogram dianity for selecting seed
sets.

We initially choose a Morse cell based on its attributes liksize, persistence, and
the function value of the extrema. In all our experiments, weelect the Morse cell that

contains the extrema with the highest function value. We the compute the histogram of
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each Morse cell by uniformly dividing the range of functionalues into thirty bins. The
histogram is then normalized and the Earth Mover's DistancéEMD) [72, 81] between
the histograms of the chosen Morse cell and all other cellsasmputed. Those cells
whose EMD falls below a threshold together with the initialf chosen cell form a seed
set. To determine the threshold, we plot the number of seedslded to the seed set
as the EMD threshold is increased. This plot is shown for foudata sets EMDB-1654,
EMDB-1179, EMDB-1603, and EMDB-5331 in Figure 5.8. For clay of illustration, we
show only the initial part of the plot. For data sets other than EMDB-1179, initially, the
number of seeds increase even for a very small increase in EMD threshold as shown
by the leftmost horizontal section in the plot. Further increase in the number of seeds
occurs only after a signi cant increase in the EMD threshold@s indicated by the vertical
section in the plot. We can identify a meaningful seed set bgting the threshold to the
value just before this jump in the EMD threshold. For the dataset shown in Figure 5.2,
eight seeds are identi ed using this procedure. For cryo-EMata sets that we use in our
experiments, we have empirically determined that the thrémld of 0.9 results in a good
selection of seed sets in many cases.

The histogram matching procedure is a heuristic for selengj seeds and may not
always give the desired result. For example, in the case ofetldata set EMDB-1179,
the Morse cells corresponding to the seeds show considezaldriation in their geometry
and as a result histogram comparison is not meaningful. We gioy the following semi-
automatic procedure for selecting seeds which performs imel practice and does not
require signi cant e ort from the user. The selection procdure uses the toporrery layout,
which is in turn based on the branch decomposition represeation of the contour tree,
and provides a powerful user interface for exploring and seting features from scalar
eld data sets [69]. A user identi es a seed (extremum) of imrest either based on its
attributes (such as persistence) or visual examination ohé features in the data. The
branches in the toporrery layout corresponding to the extrea with similar function
values are then automatically highlighted. The user examas the geometry of the level

sets of the highlighted branches. The user needs to examinglyoa few level sets in
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the neighborhood of the scalar value at the extrema. The usénen selects a subset
of the branches that exhibit symmetry in the evolution of thelevel sets. The extrema
of the branches selected by the user are chosen as the seed $be above procedure
automatically prunes away a majority of branches in the brach decomposition layout
and limits user interaction to selecting a subset of brancedrom the remaining small set

of branches. An illustration of this procedure is shown in Fige 5.9.

Figure 5.9: Seed selection using the contour tree. (left) Usifenti es an extremum
of interest and selects the branch corresponding to it fromhé toporrery layout. The
selected branch is shown in orange and other branches whos&esna have function
values similar to extrema of the selected branch are automedlly selected and shown in
blue. (middle) User inspects the level sets of the selectedabches. Among the sixteen
branches selected, the evolution of the level sets corresding to eight of the branches
are similar and (right) the user selects this subset of brahes shown in orange. The
extrema corresponding to the selected branches are chosertte seed set.

5.2.3 Augmented Extremum Graph Traversal

Given an initial set of seeds, an e cient procedure for the agmented extremum graph
traversal is employed both to form super-seeds and to expatide initial estimate of

symmetry through region growing. Each seed is marked as a soeivertex and traversals
are initiated simultaneously and independently from eachosirce vertex, as shown in
Algorithm 5.1. Each traversal proceeds iteratively, wheretaach step, the saddle that is
closest to the seed is processed. Only the source and desiimaextrema are contained

in a path and the rest of the extrema are bypassed. The functiden(i,j) calculates
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Algorithm 5.1 Augmented extremum graph traversal algorithm. For a Morse del,
its extremum is denoted by ¢ The shared saddle betweenandj is denoted by sag. A
path is a 3-tuple (src, des sad), wheresrc is the source seed andesis the cell adjacent
to sad, the saddle at the end of the path.

Input: Extremum graph with selected seeds

Output: Seed-merge tree

foreach seeddo /I initialize pq

j = cell _id(seed)

foreach cell.id k adjacent to j do

path = (j,k, sad jk)

path.len = len(e;, sady))

pg.push(path)

end

end

while not all seeds mergedio Il traverse
P = pg.pop()

if not visited [p:src; p:sad then

visited[p.src, p.sad] = true

foreach cell.id i adjacent to p:desdo /I extend
ext_path = (p.src, i, sadp des,)

ext_path.len = p.len+len(p.sad, sadp des,i))

pg.push(ext_path)

end
deslen = p.len + len(p.sad, €p ges)
if dist[p:src; p:ded > deslen then

dist[p.src, p.des] = deslen /[ update
if isseed(p.des)then /I merge seeds
| merge(p.src, p.des, desen);
end
end
end
end

the length of the edge from the node to nodej in the graph. To store distances from
multiple seeds, each Morse cell maintains an array of distees. This is denoted by distfe
g] which stores the length of the shortest path from the extreom g to the extremum g.
The output of the algorithm is a binary tree, calledseed-merge treethat represents the
merging of seeds. The function merge(c, des lenght) generates a new internal node
with weight length in the seed-merge tree that represents the merger of the cewcted
component associated with the seesrc with that of the seeddes This is explained in

Section 5.2.4. Similarly, each saddle maintains an arraydhindicates if the saddle has
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Figure 5.10: Augmented extremum graph traversal. (left) Bluedges from the seeds,
b, ¢, and d to their shared saddles are inserted into a priority queueright) The shortest
path c-i is popped out and extended to the adjacent saddles by addinget magenta
edges. When the patlc-i-h is popped out, the traversal from the seedreaches the seed
d and the two seeds merge.

been visited from a seed.

Consider the surface plot of a scalar function as shown in Figu5.10. Let the
mountain peaksa, b, ¢, and d be chosen as seeds. Initially, the edges from each seed
to its adjacent shared saddles, shown on the left, are insedt into a common priority
gueue. The cost of each edge is the distance from the seed te #ihared saddle. After
this initialization step, the edge with the shortest distarce, sayci, is popped from the
gueue. Next, the distance from the source seedto the extremum e adjacent to the
endpoint saddlei in the path is computed as the sum of the length of the edge and the
length of the edgeci which was popped out, see the gure on the right. The popped ga
c-i is extended to the unvisited shared saddles of the adjacentteemum e. When the
path is extended toh, the extremum e is bypassed and the shared saddles are directly
connected. The length of the extended path is calculated ake sum of the length of
the saddle-saddle direct edge and the length of the path pogw from the queue. The
extended path is inserted into the queue and the traversal pceeds to visit other saddles
in the order of increasing distance from the seeds. When a s&l& visited from a seed,
the distance from the seed to the adjacent extremum is updatend is later used during
the region growing stage. When the patle-i-h is eventually popped out of the queue, the
path from the source seed reaches the seed and the two seeds merge. The traversal

continues until all the seeds merge.
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Figure 5.11: (left) Labels on the interior nodes of the seederge tree is equal to the
distance at which its children nodes merge. (right) Nodes witvalues above a threshold
are removed from the tree and the seeds that remain connectbdlong to a common
super-seed.

5.2.4 Super-seed Formation

Studies on the way humans perceive patterns, like Gestaltebry [107], have shown that
items that are located spatially near each other are perced to be part of a group.
Repeating structures in close proximity are grouped toge¢n and perceived to be part of
bigger patterns. Thus, for symmetry detection it is importat to identify the formation
and repetition of such bigger patterns formed from smallergterns. In our context, seeds
that are closer merge rst and form a hierarchy of bigger pa#rns. A super-seed is the set
of seeds that merge to form the biggest such repeating patter The above description
of the way humans perceive patterns also explains our assuiop on distances between
symmetric regions as stated in Section 5.1.2. When the patlofm a source seed reaches
another seed, the two seeds merge and the distance betwees tino seeds is the length
of the shortest path between the two seeds. At the leaf levef the hierarchy, all the
seedsa, b, ¢, and d, in Figure 5.10, are separate repeating units. During the tvarsal,a
merges withb and similarly ¢ merges withd. These merged components form the next
level in the hierarchy and they further merge into a single coponent at the root level. A
graph can be constructed by inserting a node for each seed andeighted edge between
two seeds that have merged. The edge weight is equal to thetdisce between the two
seeds. After all the seeds merge, a graph cut that removes esigeéth high weights is
used to identify the super-seeds.

Our graph cut algorithm uses the seed-merge tree that repesgs the merging of seeds.
Each of the seeds, b, ¢, and d is a leaf node of the seed-merge tree and represents a

component. When the components corresponding to two nodesnge an interior parent
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Figure 5.12: Plot of the number of components against the patlength. The threshold
for disconnecting the seed-merge tree is chosen from thehtigost horizontal interval,
just before the number of components drop to one.

node is created to represent merging of the components. Edaoterior node is assigned
a weight equal to the distance at which the corresponding cqranents merge in the
augmented extremum graph traversal, see Figure 5.11. All leabdes are assigned zero
weight. Once all the seeds merge and the complete tree is domnsgted, we disconnect
it into di erent subtrees by removing nodes with weight aboe a threshold. Thus we
disconnect the seeds that merge during the augmented extrem graph traversal by
means of paths whose length is above the threshold and thedséhat remain connected
are identi ed as super-seeds. Figure 5.11 shows two discocteel subtrees on the right
formed when the threshold is set to eight. One of the subtreeorresponds to the
super-seed comprising ad and b and the other subtree corresponds to the super-seed
comprising ofc and d.

To determine a suitable value for this threshold, we plot thelecrease in the number
of components with respect to increase in the path length. Rige 5.12 shows this plot
for four data sets EMDB-1654, EMDB-1179, EMDB-1603, and EMB-5331. Each of the
vertical sections in the step-like plot show the sudden drap the number of components

due to the merging of the components. The merging happens atetent scales and
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Figure 5.13: (left) The distance from the candidate cells and e to the seedsa, b and

¢, d are shown by the labels on the edges. (right) An edge connegfitwo seeds in the
bipartite graph is weighted with the minimum of the distance to the seeds. The sum of
weights of matching edgead and bg 8.3, is close to the average of the distances to the
seeds, (5.3+3.2+5.2+3.1)/2 = 8.4 and hencé and e are considered to be symmetric.

re ects the hierarchical relationship in the merging of theseeds. The number of compo-
nents at the start of the horizontal sections in the plot remiaas unchanged till the end of
the interval and shows the stability of the components in ttd section. The super-seeds
are the largest stable components formed just before all tleeeds merge into a single
component. Hence, the threshold for identifying the supeeeds is chosen as any value
that lies in the last horizontal section in the plot just befoe the number of components
drop to one. For example, in the case of EMDB-1654, eight sesadere chosen and based
on the plot we identify four super-seeds and these are showsing four distinct colors
in the middle gure in Figure 5.2. As described in Section 5.1,2ve assume that the
distance at which the seeds within a super-seed merge is sigantly lower compared to
the distance at which seeds merge across super-seeds. Tépmgation of distances will
manifest as a distinct horizontal section in the plot used tadentify the super-seeds and

can be easily determined.

5.2.5 Symmetry Expansion

Once the super-seeds are formed, its symmetry is expanded ibgerting neighboring
Morse cells through a region growing procedure. For deteagj partial symmetry, when a
Morse cell is considered as a candidate to be inserted inte dlosest super-seed, we ensure
that a symmetric candidate exists in the remaining super-sds. Consider candidate cells
f and e and the distances to the seeds that constitute their closestiper-seedsf a, bg

and fc, dg as shown on the left in Figure 5.13. If and e are symmetric, then the
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distance fromf to a seed in its closest super-seed, say will be nearly equal to the
distance frome to the corresponding symmetric seed, in this cask and the minimum
of the two distances will be nearly equal to the average of théistances. When the
distances fromf to each seed in its super-seed satisfy this property, we cales the
distribution of distances fromf and e to be similar and treat them to be symmetric.
To determine this, we construct a complete bipartite graph @ shown on the right in
Figure 5.13, where the nodes in each partition are the seedsattconstitute the closest
super-seed and an edge between two seeds is weighted withntinemum of the distances
from f and e to the respective seeds. Next, we compute a maximum weight nohing
and if the weight of the matching is close to the average of thdistances, we consider
f and e to be symmetric. Based on empirical results, we set this thskold to 80% of
the average distance to the seeds. The ideal threshold degeron the noise in the data
and selecting the threshold involves a trade-o between tetance to noise and quality
of the detected symmetry. If each super-seed has a symmetcandidate, then these
candidates are inserted into the symmetric region of theiruper-seeds and the regions
are expanded. The procedure is repeated till all candidatelts visited during the graph
traversal are considered. For noisy data, the farther we tvarse away from the seed cells,
the distance estimate accumulates errors as noise causesat@ns in the shortest path
estimate. This makes it di cult to compare distance distribution for detecting partial
symmetry. However, for identifying global symmetry, the symmetry veri cation at each
step can be avoided since, by de nition, each candidate calhs a symmetric counterpart
in all the super-seeds. For global symmetry, we continue tigraph traversal, even after
the seeds merge, till all the cells are visited by at least oré the seeds. The symmetric
region corresponding to a super-seed is then reported as #e of all cells that are closest

to the super-seed.
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Figure 5.14: Results of symmetry analysis on cryo-EM data setFive data sets - EMDB
1179, 1603, 5331, 2094, and 1706 are shown in the rstrow. ERD179, 1603, and 5331
contain signi cant noise as shown by the violet regions in # volume rendered images.
The seeds selected are shown in the second row. The extractgthmetries are shown in
the third row. Symmetries are extracted even in the presencé noise. Columns 1-4 show
dodecahedral, 9-fold rotational, screw, and translatiomaymmetries and the rightmost
column shows partial symmetry extraction.

5.3 Results and Discussion

We now present experimental results of our symmetry deteoti algorithm run on di er-
ent cryo-EM data sets. Cryo-EM is a form of electron microspy performed at extremely
low temperatures and is a popular method for imaging biomadales. The electron density
map is represented as a 3D structured grid. All cryo-EM data seused in this thesis
are obtained from EMDataBank [34], which is an online publicepository containing

cryo-EM data sets.
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5.3.1 Global and Partial Symmetry

The rst row in Figure 5.14 shows volume rendered images of veryo-EM data sets.
The volume rendering shows the lower function values in dankiolet color and they
correspond to noise in the data. The rst four columns show gbal symmetry extracted
by our algorithm and the fth column shows an example of di eent partial symmetries
extracted. For all data sets, except the rst, seed selectiowas done based on histogram
matching.

Figure 5.14(a) shows a data set with dodecahedral symmetry tdeted using 120
seeds. The Morse cells corresponding to the seeds show deamable variation in their
geometry and as a result histogram comparison is not meanfafin this case. Hence,
seeds were selected semi-automatically based on the pragediescribed in Section 5.2.2.
We choose 120 maxima with the highest function values and tiselected seeds merge
to form twelve super-seeds. The seeds belonging to a commopes-seed are shown
with the same color in Figure 5.14(b). The extracted symmetiregions after region
growing are shown in Figure 5.14(c). Though only ten small Mse cells are selected
per symmetric region, the region growing stage correctly edti es symmetry of the
remaining Morse cells even though some of these cells in tbad ber-like structures
are far away from the seeds at the base. The second column st@fold rotational
symmetry detected by our algorithm after selecting eight@eseeds that merge to form
nine super-seeds. The third column shows a data set with twelrepeating strand-like
structures arranged helically and our algorithm detects sew symmetry of the repeating
strands. Figure 5.2 shows another example where our algonths able to detect 4-fold
rotational symmetry in the data using eight seeds which meegto form four super-seeds.
The volume rendering of all these data sets indicate that the is signi cant amount
of noise in the data. However, due to the robustness of the teshue we are able to
identify the symmetry present in the data. The fourth columnshows a data set with
translational symmetry detected by the algorithm. Three derent partial symmetries
extracted from the data set in Figure 5.14(m) are shown in Figer5.14(0) as orange,

blue, and red segments in a symmetry-aware segmentation. &8eed sets used in each
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Figure 5.15: Symmetry detection results on additional cryetectron microscopy data
sets - EMDB 1319, 1659, and 5215. Each column shows a volumedesing of a data
set, the seed set, and the symmetric regions detected by ouetimod. Each symmetric
region is shown in a unique color. The violet regions are regzentative of the noise in
the data. The symmetry detection method works even in the psence of noise.

case is shown in Figure 5.14(n) with the same color as the cotifrthe symmetry-aware
segment. Figure 5.15 shows results on additional cryo-EM dasets. Figure 5.16 shows

results on a synthetic data set with increasing noise levels

5.3.2 Sensitivity to Seed Selection

Ideally, seeds should be chosen such that they are symmeitaied representative of the
symmetry in the input. However, our method can tolerate asymatric distribution of
seeds among the symmetric regions. Consider an ideal setadds and the assignment of
each Morse cell to the seed that is closest to it. Erroneous @sion of a seed from the ideal
set a ects the assignment of only those cells that were origally assigned to the omitted
seed. Cells in the neighborhood of the omitted seed are rageed to the remaining

seeds while other cells are una ected. Similarly, insertnoof a new seed into the ideal set
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Figure 5.16: Our symmetry detection method is robust in the @sence of noise. (top) A
synthetic data set with increasing levels of noise is showroin left to right. The transfer
function used is identical in each case and shows the increaslevels of noise. (bot-
tom) The symmetric regions detected are shown in blue and g in the bottom row.

a ects the assignment of only those Morse cells that belong the neighborhood of the
new seed. Also note that the distance between a pair of seedsatculated independent
of the remaining seeds. Thus, deletion or insertion of seecsuses changes only in the
local neighborhood of the seeds. We illustrate this for theath set shown in Figure 5.2
by modifying the ideal set of two seeds per super-seed. Whereaeed is dropped, the
blue super-seed is formed with only one seed. However, the syetric regions detected
are una ected as shown in the left column of Figure 5.17 sinceamy of the Morse cells
that were closest to the dropped seed are now closest to thenaning blue seed. In
the extreme case, when two seeds are dropped resulting inyotliree super-seeds, the
Morse cells that were assigned to the blue seeds are reassigto the remaining closest
seeds - pink and red as shown in the middle column. Note that tteymmetric region
corresponding to the orange super-seed is una ected sina®gbing of seeds only causes
local changes to the detected symmetry. When two new seeds amserted, the blue
super-seed consists of four seeds as shown in the right caturihe Morse cells assigned

to the other super-seeds are unaected and thus the symmetrregions detected are
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Figure 5.17: Sensitivity to seed set selection. (left) When enseed is dropped, the
symmetry detected is una ected. (center) When the blue supeseed is dropped by
removing both of its seeds, the Morse cells which were cldsesthe blue super-seed are
reassigned to the remaining super-seeds. (right) When twoweseeds are inserted, the
symmetry detected is again una ected. The plot for identifjng super-seed is shown for
each case in the bottom row.

again not a ected. For each of these cases, the plot used tceittify the super-seeds is
similar to the plot shown in Figure 5.12 and is shown in the bottm row of Figure 5.17.
The fourth column in Figure 5.14 shows another example wheradah symmetric region
is a ring with 9-fold rotational symmetry. Ideally, nine seds from each ring should have
been selected as the seed set. However, due to variations ia thstogram, the algorithm

selects two, three, or four seeds from the rings as shown in #ig 5.14(k). Though the

seed distribution is inconsistent, symmetry can be deteatas long as the seeds chosen are
such that the distance between seeds belonging to di erengrametric regions is higher
compared to the distance between seeds within the same syntneeregion. This ensures
that seeds within a symmetric region merge rst and form supeseeds that represent
the symmetry in the data. Eight super-seeds are formed in thicase corresponding to
the translational symmetry and the symmetric regions are erectly identi ed as shown

in Figure 5.14(I). Results on more data sets are shown in Figukel8, Figure 5.19, and

Figure 5.20.
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Figure 5.18: E ect of insertion of seeds to the ideal seed sefrftwo data sets shown in
the top and bottom rows. (left) New seeds shown in blue are inged into the ideal seed
set shown in orange. (middle) Despite the asymmetric disbition of seeds, they form
super-seeds that represent the symmetry in the data and (ht) the symmetric regions
are detected correctly.

5.3.3 Comparison with the Contour Tree-based Method

The symmetry detection method based on extremum graph usesokMe decomposition,
which is based on gradient ow topology as compared to the dir approach that uses
the contour tree, which is based on level set topology. Thdoee, the symmetric segments
identi ed by the two methods may be di erent and it is not meanngful to compare the

results of the two methods. So, we qualitatively evaluate thtwo methods and list the

pros and cons of both approaches.

The contour tree-based method detects symmetry by identifyg similar subtrees from
the branch decomposition representation of the contour tee Since branches correspond-
ing to noise in the data can destroy the similarity of the subees, this method requires
the removal of such branches. For this purpose, the branchaemposition is simpli ed by

removing low persistence branches under the assumption tranly low amplitude noise
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Figure 5.19: E ect of deletion of seeds from the ideal seed det two data sets shown
in the top and bottom rows. (left) Seeds shown in blue are remed from the ideal seed
set and the remaining seeds are shown in orange. (middle) Piés removal of seeds, the
super-seeds are formed correctly and (right) the symmetrregions are detected.

exists in the data. Though our method also simpli es the exemum graph for computa-
tional e ciency, in contrast to the assumption made by the catour tree-based method,
we do not necessarily require that the noise is removed thiglu the simpli cation step.
This is because the presence of noise does not a ect the dista calculation and hence
our method can handle noise of larger amplitude in the data. ®feover, our method
incorporates geometric information for more e ective symetry detection and also uses
a region growing procedure to identify the largest symmetriregion. In comparison,
the contour tree-based method ignores geometric informati and does not necessarily
identify the largest symmetric region. We illustrate theseadvantages with a real-world
data set in Figure 5.21.

One of the major limitations of our method is that the symmety detected depends
on the choice of seed sets used and selection of seed sets rgyite user interaction
unlike the contour tree-based method. The contour tree-bad method is well suited

for identifying partial symmetry as opposed to our method wish requires di erent seed
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Figure 5.20: E ect of both insertion and deletion of seeds fro the ideal seed set.
(left) From the ideal seed set, (middle) ve new seeds are ieded and two seeds are
removed. The super-seeds formed represent the symmetry lmetdata and (right) the
symmetric regions are detected correctly.

sets to be identi ed for each partial symmetry in the domain.The contour tree-based
method also has the advantage that it can detect symmetry at uftiple scales since
the branch decomposition representation induces a naturhlerarchy on the branches.
Figure 5.22 shows additional results of symmetry detected mur method on data sets
used in the contour tree-based symmetry detection method.t tan be seen that our
method is limited to detecting symmetries at the largest sé& whereas the contour tree-
based method can detect di erent partial symmetries as wetdls symmetries at di erent

scales.

5.3.4 Performance

Table 5.1 reports the running time of our algorithm for the déa sets shown in Figure 5.14.
The time taken for building the graph includes computation bthe Morse decomposition
as well as the simpli cation of the initial extremum graph castructed. Earth Mover's

Distance computation is fairly fast in practice. When the nurber of seeds is large,
graph traversal dominates the computational cost of the atgithm since the saddles are
visited multiple times by the graph traversal initiated fran each seed. In the current
implementation, the weights of the edges are computed on thg during the graph

traversal. The augmented edges that directly connect the ated saddles are not present

in the extremum graph and their weights have to be computed ding the traversal. This
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Figure 5.21: A real-world data set illustrating improved symmetry detection using our
method as compared to the contour tree-based method. (a) A daset (EMDB 5214)
with 2-fold rotational symmetry. (b) Our method identi es t he global symmetry whereas
(c) symmetry detection using contour tree can only identifypartial symmetry of two
smaller regions. (d) Even though the data set is symmetriche level-set components
evolve di erently and hence (e) the branch decomposition pgesentation of the symmet-
ric regions are also di erent. In the presence of signi canhoise, symmetry detection
using contour trees perform poorly since the symmetric regis do not manifest as re-
peating subtrees in the branch decomposition representati. Our method, on the other
hand, is not a ected by the asymmetric evolution of the leveset components since their
geometric proximity is captured by the augmented extremumrgph and the graph cut
correctly partitions them into two symmetric regions.

additional computation increases the time spent for the gph traversal. We believe a
more e cient implementation of the algorithm can signi cantly improve the running

time. The running time does not include time for I/O.

5.4 Conclusions

In this chapter, we present an integrated geometric and topagical approach for de-
tecting symmetric regions in a scalar eld. We believe that ur method is a signi cant
improvement over existing methods since it can robustly dett symmetry even in the
presence of signi cant noise. The proposed method is comptibnally e cient. We show
through experiments that our algorithm can detect symmetryunder di erent types of
transformations in real-world data sets.

Perhaps the biggest limitation of our method is that the symratry detection critically

depends on the selection of a meaningful set of seeds. A baéd®n of seeds may lead
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Table 5.1: Running time, measured in seconds, for variouseps in the symmetry de-
tection pipeline. All experiments were performed on a 2 GHz let Xeon processor with
8GB RAM.

EMDB build EMD traverse
data set# | #vertices | graph | computation | graph
2094 10C° 5.4 15 3.2
1654 112 7.6 3.3 1.1
1706 13C 8.5 0.04 0.5
1603 16C 34.2 8.9 45.4
5331 24CF 106.5 19.8 77.6
1179 255 106.9 - 409.1

to incorrect formation of super-seeds, which in turn a ectshe quality of the detected
symmetries. Though we describe the method used for seed s@b®m, a robust and
widely applicable method for automatic selection of seedsmains an open problem. One
possible approach is to automate the seed selection proceziwe describe in Section 5.2.2
using similarity of the level sets in the neighbourhood of #hscalar value at extrema. In
the next chapter, we pursue this idea further and develop alfy automatic symmetry
detection method by clustering level set components based their similarity. Another
limitation of the current approach is that the simpli cation procedure is not symmetry-
aware. An interesting open problem is to design a simpli catn method that ensures that
the simpli ed Morse cells are appropriately distributed arong the symmetric regions.
The limitations of our technique primarily arise from usingonly local information
about symmetry. We believe that similar to methods that detet symmetry in geometric
shapes [56, 64, 71, 74, 105], scalar eld symmetry detectiorethods will also benet
from a clustering based analysis. Such an approach will hehptain more global infor-
mation about the symmetry and may also lead to symmetry detdon methods that are
insensitive to missing regions and imperfections in the synetry. In the next chapter,

we describe a method based on such an approach for symmetryed&on.
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Figure 5.22: Disadvantages of the extremum graph-based meth First and second rows
show volume rendering of the two vortex data sets and the synatries detected by our
method using the maximum graph and the minimum graph. Third ad fourth row shows

the fuel data set and the neghip data set and the partial symnées detected in them

using the maximum graph. Using augmented extremum graph, wart detect symmetry

only at a single scale. On the other hand, the contour tree-bad method can detect
symmetries at multiple scales as well as di erent partial symetries in the data.



Chapter 6

Symmetry Detection Using Contour

Clustering

The earlier methods we proposed compared candidate regigrasrwise and used a sim-
ilarity threshold to classify them into symmetric groups. [Rtermining the similarity
threshold is a challenge when using data sets with varying atacteristics. Moreover,
since the degree of symmetry exhibited is di erent for di eent symmetric regions, us-
ing a single global threshold is not always meaningful. In ddion, these methods use
abstract graph representations of the scalar elds for symetry detection and use only
limited geometric information in their analysis. Hence, thg may not be suitable for ap-
plications that focus on the geometric properties of the symetric regions in the domain.
The study of symmetry detection in shapes have establishetfiat clustering based
analysis result in superior performance and robust identtation of symmetry. These
methods accumulate evidence of symmetry through geomettechniques and use a clus-
tering stage to identify symmetric regions. We consider twapproaches for accumulating
symmetry information and clustering, namely, point basedlastering and contour based
clustering. Below, we brie y describe a method that uses thisrmer approach for sym-
metry detection and the rest of this chapter describes in dail the latter approach.
Symmetry detection by clustering point pairs. This method extends an earlier

work to detect symmetry in shapes by Mitra et al. [64] to scaftaelds. A set of points

67
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(e)

Figure 6.1: lllustration of symmetry detection by clusteringpoint pairs on a synthetic

data set. (a) The input scalar eld. (b) Points sampled from he domain shown in green.
(c) The sample points corresponding to the endpoints of eadime segment are locally
similar and hence paired together. For each pair, the trarmfmation that maps the points

in the pair is represented as a point in a transformation spac (d) The clusters in the

transformation space are identi ed. (e) For each cluster,he corresponding symmetry
transformation is spatially veri ed and the symmetric regons, shown in red and blue,
are extracted.

are sampled from the domain and for each sample point a deptor that captures the
scalar eld locally is computed. The descriptor consists @ invariant component and an
alignment component. The invariant component of a point caists of properties of the
eld like scalar value, gradient magnitude, and curvature bthe level set passing through
the point. The alignment component of a point consists of vears like the gradient vector
and the principal curvature directions of the level set pasyy through the point. These
vectors are used to de ne a local coordinate frame at each pbi Sample points with
similar invariant components are paired together and the émsformation that maps the
points in the pair is computed using their local coordinaterdme. Since the scalar eld
is locally similar for the points in a pair, they are considexd to be locally symmetric.
Each pair then votes for the symmetry transformation that mas the points in the pair
in the space of all transformations. Symmetry detection pkdem is then reduced to
nding clusters in the high-dimensional transformation spce. Each cluster corresponds
to aggregation of votes for a particular symmetry transformtion. These clusters are
identi ed using a clustering technique. Finally, the symmaty transformation is spatially
veri ed and the symmetric regions are extracted and reporte An illustration of this
technique on a synthetic 2D scalar eld data set is shown in Fige 6.1. Interested

readers may refer to our work that uses point based clustegrfor more details [60].
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Symmetry detection by clustering contours. Though it is clear from methods
proposed in the geometry processing community that a clusbteg based analysis o ers
signi cant advantages in recognizing symmetry, we believithat unlike shapes, low-level
information available at the sample points of the domain is at suited for symmetry
identi cation in scalar elds. Scalar eld data sets are typcally represented using scalar
values assigned to a discrete set of sample points that repeat the domain under con-
sideration. However, the domain and the scalar values are assd to be continuous by
interpolating the values at the sample points. Therefore,he sample points in a scalar
eld capture the lowest level of information. In practice, sientists are more interested in
higher level features, extracted through methods like se@mtation and isosurface extrac-
tion, for studying the underlying physical phenomena. Hencesymmetry identi cation
methods that are based on local information available at theample points encounter
considerable di culty in representing and extracting meatmngful symmetric regions. In-
specting only local information at the sample points introdces additional challenges
due to discretization errors since the symmetric counterpafor a given point may be
an interpolated point. Moreover, these methods are computanally expensive since the
number of sample points in scalar eld data sets is typicallprders of magnitude higher
than that in geometric shape data sets.

In this chapter, we propose a novel symmetry detection metdobased on the idea
of clustering contours. Isosurfaces are extensively used studying scalar eld data
sets and contours, which are connected components of isdaoes, capture information
about a scalar eld at a macroscale. Therefore, contours amgore suitable for a clustering
based analysis as opposed to sample points of the domain.sleasy to see that contours
belonging to regions with symmetric scalar eld distributon are also symmetric. Using an
appropriate shape descriptor, our method maps contours tapts in a descriptor space
such that the distance between points in the descriptor spads a measure of similarity
between the contours. As a result, points in the descriptor spe representing symmetric
contours lie in close proximity to each other and form clusts in the descriptor space.

The region of the domain corresponding to each such contowarcbe extracted and these
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Figure 6.2: Clustering based analysis detects symmetry at elient scales in a 3D cryo-
electron microscopy image of AMP-activated kinase (EMDB-Bg). (left) The three-
fold rotational symmetry is apparent from the volume rendeng. (center) Contours are
represented as points in a high-dimensional shape descopspace (illustrated in 2D).
Symmetric contours form a cluster in the descriptor space drcan be easily identi ed.
Three such clusters are shown in gold, blue, and pink. (righThree symmetric regions
of di erent sizes, highlighted in gold, blue, and pink, deteted by the method.

regions are reported as symmetric. Note that the choice of ttehape descriptor is not
xed and depending on the noise characteristics and the deition of similarity relevant
to the application of interest, an appropriate descriptor my be used. Our method uses
topological information derived from the contour tree to ifer importance of a feature
and this allows the design of a feature-aware algorithm foysmetry identi cation. By
selecting a contour from each arc of the contour tree, we arbla to detect symmetry at
di erent scales similar to the contour tree based approachNoise in the data is seamlessly
handled by the clustering framework through the choice of aobust shape descriptor.
Thus, our approach combines the advantages of the earlier theds based on the contour
tree and extremum graph. Figure 6.2 illustrates our approaabn a 3D cryo-EM image of
AMP-activated kinase (EMDB-1897) with three-fold rotatioral symmetry. Our method
identi es symmetric regions of di erent scales. The largscale features shown in gold
and the small-scale features shown in blue and pink highligthe multiscale aspect of
our approach.

The main contributions of this work are the following:

A formulation of the problem of symmetry detection in scalarelds as a clustering
problem in a shape descriptor space. This model provides a tf exibility in

analyzing similarity of scalar elds as well as handling nee since it allows the



Chapter 6. Symmetry Detection Using Contour Clustering 71

shape representation and the descriptor space to be varied.

A novel representation of a scalar eld as a collection of pas where each point
represents a contour in a contour shape descriptor spacem@arity between con-
tours is naturally de ned as the distance between points inhis space. This is a
generic representation of independent interest and we sha® bene t in similarity

analysis of scalar elds.

A robust algorithm to detect symmetric regions at multiple sales. Though geom-
etry based symmetry detection methods are typically compationally costly, we
design an e cient algorithm that employs elegant optimizatons by incorporating

topological information about the contours using the contar tree.

6.1 Symmetry Detection via Contour Clustering

Methods based on clustering [56, 64, 65, 77, 104, 105] havevat superior performance
in identifying symmetry in shapes. However, directly extendg these methods to scalar
elds is non-trivial. Consider ascalar eld, f : M ! R, with subdomainsM{;M, M
Let ¢; and ¢, be contours of the same level set that belong tdl; and M, respectively.
It is easy to see that ifM; and M, are symmetric thenc, and ¢, are also symmetric. We
make use of this property and detect symmetric subdomains ligentifying symmetry of
the contours belonging to the subdomains.

Let C be the set of all contours. Consider a functiog : C! R" such that g(c) =

o0

) _ &P 00
e

Figure 6.3: Mapping contours to points in a descriptor spac&ymmetric contours shown
in blue are mapped to the same blue point in the descriptor spa. Six approximately
symmetric contours shown in gold are mapped to six points thdie in close proximity
to each other in the descriptor space.
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Figure 6.4: Symmetry detection pipeline. Contours are extcéed from the scalar eld
and a descriptor is generated for each contour. A similaritgcore is estimated between
pairs of contours based on the distance between the pointstive descriptor space. Next,
the set of symmetric contours are identi ed via clustering. Finally, the region of the
domain to which each symmetric contour belongs is extractexhd reported.

o(T(c)) where T is a transformation. In other words,g is a function that maps each
contour to a point in a high-dimensional space such that a ctour and its symmetric

copies are mapped to the same point. The point to which a contois mapped is called a
descriptor and the high-dimensional space is called thaescriptor spacesee Figure 6.3.
For illustration, the descriptor space is shown in 2D but theactual dimension of the space
depends on the choice of the descriptor. The distance betwemntours in the descriptor
space is a measure of their similarity. In practice, scalarelds do not exhibit perfect
symmetry and therefore it is important to detect symmetry inan approximate sense.
Ideally, deviation from perfect symmetry should be measuddn the space of shapes but
it is more convenient to measure deviations in the descript@pace. If contoursc, and

C; are not perfectly symmetric, thenc; and ¢, will not be mapped to the same point
in the descriptor space. The distance between the contours the descriptor space,

kg(c1) 9(c)k, will be indicative of the deviation from perfect symmetry.

De nition  (Symmetric Contours) Contoursc, andc, are perfectly symmetric ifkg(c,)
g(c)k = 0, where kk is a norm in the descriptor space. They are-symmetric if
kg(c:) g(c)k ; for > 0.

Shape descriptors have been extensively used in the geomégtrocessing community

for shape matching and there is a vast collection of researphpers in this area [55, 76,
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91, 99]. Note that di erent norms may have to be used for di erst descriptors. It is
possible that a shape descriptor may incorrectly map contaic; and ¢, to the same
point even when they have totally di erent shapes. A good shme descriptor should
discriminate well between di erent shapes and minimize shancorrect mappings.
Figure 6.4 illustrates the main steps of our algorithm. Givem scalar eld as input,
we generate a set of contours. For each contour thus generdita descriptor is computed.
The descriptor for each contour can be considered to be a piima high-dimensional de-
scriptor space. The descriptor space is a transformationvariant space, i.e., it reverses
the e ect of geometric transformation on contours. Thus, péectly symmetric contours
are mapped to the same point in the descriptor space. Impette®ns in symmetry results
in imperfections in the mapping. Since contours with similashape have similar descrip-
tors, the points in the descriptor space representing appfionately symmetric contours
will lie in close proximity to each other. Therefore, symmeic contours can be recognized
by identifying clusters in the descriptor space. The volumegc regions represented by

the contours within a cluster are then reported as symmetricegions.

6.1.1 Contour Generation

Our algorithm assumes that each region of interest in the daam is represented by a
contour belonging to it. Hence, it is important to use a samplig strategy that generates
a contour from each region of interest. The obvious methodrfgenerating contours is to
sample isovalues uniformly from the range of the function ltzes and extract contours
corresponding to these isovalues. A coarse uniform sampglimay not generate contours
within a speci ¢ region and thus fail to recognize it as a symatric region. On the

other hand, a ne sampling may generate multiple contours whin the same region and
redundant computations. Ideally, each symmetric region sluld require only a single
representative contour for its detection. The contour trees a powerful tool that en-

capsulates information about the evolution of contours [1%nd we leverage information
obtained from the contour tree for optimal generation of cdours. Each arc of the con-

tour tree represents a family of contours that are nested orieside the other forming
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o set surfaces similar to layers of onion peel. Hence, to capt the geometry of the
region of the domain corresponding to an arc of the contourde, we select only one
contour from each arc of the contour tree.

Selecting a representative contour from each arc of the conir tree ensures that no
regions are missed in the subsequent symmetry analysis. Arc &m the contour tree may
either represent a feature associated with a single extremuor a region formed by the
merger of multiple features and hence associated with mydte extrema. As a result, our
method can detect symmetry at multiple scales. However, fooisy scalar elds, a large
number of arcs of the contour tree may correspond to noise.|&ging a contour from each
arc of the contour tree will result in a signi cant amount of @mputational time spent
in processing these noisy contours. To overcome this pralblewe generate a contour
from an arc of the contour tree only if the arc is deemed to repsent a feature and not
noise. The de nition of noise is subjective and depends ondhapplication. In this work,
we consider an arc to be noise if the volume of the largest coat associated with the
arc is below a user de nechoise threshold . The volume of a contour is approximated
as the number of vertices of the domain enclosed by the contouThis approximation
assumes that the scalar eld is continuously sampled. Sineach arc of the contour tree
can be associated with the set of vertices of the domain thabmprise the subvolume
corresponding to the arc, this estimation of the volume canebdone e ciently [19]. In
the absence of the metadata information provided by the cootir tree, all contours would
have had to be treated as equally important. In summary, an efjant optimization is
achieved through contour tree driven sampling that both enses that each region has a

unique representative contour and avoids sampling of conis from noisy regions.

6.1.2 Contour Representation

Once a representative contour is generated from each regafrinterest, the next step is to
generate its descriptor. The similarity score between a padf contours is estimated using
the distance between their descriptors. Designing shapesdeptors for matching and

retrieving similar shapes is a well studied area in the geotne processing community.
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The notion of similarity is subjective and varies from apptation to application. A
major advantage of our method is that it is not restricted, inprinciple, to a particular
choice of the shape descriptor. Instead, it o ers exibiliy in choosing the descriptor
appropriate for an application. Hence, our method may be vies as a generic framework
for identifying similar regions in a scalar eld. For examp, if an application is interested
in identifying similarity only with respect to rotation, a r otation invariant descriptor may
be used. The only prerequisite on the descriptor is that it sluld be discriminative, i.e.,
similar contours should be mapped to points that are nearbyithe descriptor space while
contours that di er from each other should be mapped to far aay points. Therefore,
it is important to use shape descriptors with high precisiorand recall ratios [55] for

applications that cannot tolerate false positives duringhape retrieval.

6.1.3 Contour Clustering

After the descriptor generation stage, any standard clusterg method may be used to
locate the clusters in the descriptor space that represengyrametric contours. However,
requiring the explicit generation of descriptors as a consiint limits the exibility of using
our approach as a generic framework for similarity detectio We observe that mapping
of contours to points in the descriptor space is not a preretpite for clustering. A
similarity correspondence graph can be constructed from at®f contours by representing
each contour as a node in the graph and inserting an edge betmetwo nodes if the
respective contours are similar. It is easy to see that the mours that are similar form a
cligue under this representation [56] and these cliques cha identi ed to detect a set of
similar contours. Thus, given a procedure that assigns a siarity score between pairs of
contours, further processing is performed solely on the gia and is independent of the
actual de nition of similarity. This allows considerable feedom in choosing a similarity
measure that is relevant to an application. In particular, &r symmetry identi cation,
the distance between points in the descriptor space is usea dssign the score between
pairs of contours.

Given a set of contours marked as symmetric, the arc in the domr tree to which
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Figure 6.5: When contours merge, their shape change signi ¢gn (left) Six contours
before they merge. (center) Part of the contour tree depictg merging of pairs of con-
tours. (right) Three contours after the merge.

each contour belongs to can be determined. The region of therdain enclosed by the
largest contour of the arc can then be extracted and reporteals a symmetric region.
Although this works well in practice, note that the contour itself may have evolved due
to the merging of contours nested within it. An application wih stricter requirements on
symmetry detection may need to also incorporate the symmaetof these nested contours
in the algorithm. This presents a challenge in directly usm clusters in the descriptor
space for detecting symmetric regions because the desaripgpace is not continuous with
respect to the evolution of the shape of a contour during a leiset sweep, see Figure 6.5.
Recall that a cluster in the descriptor space represents ats# contours with the same
shape. As illustrated in the left and right gures, the shape bindividual nested contours
before merge is di erent from the shape of the contour aftethe merge. Therefore the
points corresponding to the contours before and after the mgee may not be part of the
same cluster.

To address this issue, we incorporate the similarity scorestween the children con-
tours (contours before merging) into the calculation of thesimilarity score between a

given pair of parent contours (contours after merging). Lep and q be two parent con-

score between two children contours;® and ¢ 9 is known. For contours with children,
the procedure below can be applied bottom up to determine timescore while for con-
tours that do not have children, the score can be directly detmined from the descriptor
space. To calculate the similarity score betweep and g, rst the contribution from

the children contours is determined. We construct a bipattie graph where nodes in the
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Figure 6.6: Maximum weight matching is used to determine theoatribution of children
contours towards the similarity score between the parent atours p and g Each edge
ciPg 9 is weighted with the similarity score between the child cowturs ¢ and ¢ 9.

¢ 9 is weighted with the score betweem;? and ¢ 9 The maximum weight matching is
computed to determine the similarity score between the cliten contours. The score
between the contourg and g obtained directly from the descriptor space is added to the
value of maximum weight matching to obtain the cumulative snilarity score betweenp
and g. An analogous procedure may be used for nested contours thptitsfrom a parent

contour.

6.2 Implementation

We now elaborate on the implementation details of our symmmt identi cation algo-
rithm. We describe the factors that determine the selectioof isovalues, the particular

shape descriptor that we use and its properties, and the ctesing algorithm we employ.

6.2.1 Isovalue Selection

Each arc of the contour tree encodes the range of values of tbealar eld restricted
to the subdomain represented by the arc. The question that meins is which function
value in this range should be used to generate the represdita contour for the arc. To
generate a large contour belonging to the subvolume reprasal by an arc, the isovalue
selected should be close to the saddle value at which the caunt merges into another

contour. However, perturbation in function values due to nse may lead to instability
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of the saddles in the contour tree. As a result, the function \ae at which the contours
from symmetric regions merge and split may not be consistenfFigure 6.11(b) shows
an example where, for the same isovalue, children contourstbe green contours have
already merged to form a single component while the blue canirs are yet to merge. We
require an isovalue that is both close to the saddle and gea#s isocontours that are
consistent, with respect to merging. A simple strategy we agt is to ensure that none
of the contours merge by selecting an isovalue that is lowdran the lowest join saddle at
which the contours merge. We introduce atabilization parameter that determines the
length of the interval of function values within which the sddle values are not consistent
with respect to merging of contours. From the list of all sadds in the contour tree, we
rst remove all saddles belonging to arcs that are considaeteo be noise with respect
to the noise threshold . Within the reduced list, we consider each join saddlg, where
contours merge into one, and select an isovalue= f (s) if there are no other saddles
whose function value lie within the interval W;f (s)]. Among the set of isovalues thus
generated, ifw is the highest isovalue that lies in between the function vaés at the end
points of an arc, thenw is chosen as the isovalue for the arc. An analogous procedure
is used to select isovalues with respect to split saddles. Aogedure for determining the

value of is described in Section 6.3.2.

6.2.2 Shape Descriptor

The choice of shape descriptor depends on the kind of simitgranalysis required by
an application. A function which satis es the equation = , Where is the

Laplace-Beltrami operator, is called an eigen function of and s called an eigen
value [80]. We use the rst ten non-zero eigen values of the jlace-Beltrami spectra as
the shape descriptor since noise in the shape has limited uence on the initial eigen
values [55]. This descriptor has been used for shape matachand retrieval and is robust
in the presence of noise, deformations in shape, and di e@s in the underlying trian-
gulation [67, 78, 79]. Figure 6.7 illustrates the robustness the Laplace-Beltrami shape

descriptor when increasing levels of noise are added to atbtic data set. Although it
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Figure 6.7: Robustness to noise. (a) An isosurface of a syntitedlata set which has the
shape of a sphere. The number of critical points for this datset is 16. (b)-(d) Adding
increasing levels of noise to the data set deforms the isdswe. The number of critical
points increase to 2673, 12690, and 80885. (e) For each datssthe rst ten non-zero
eigen values of the Laplace-Beltrami spectra are normaliézdy dividing with the rst
non-zero eigen value and plotted as a 1D curve. The similgriof the curves shows that
the similarity of the contours can be identi ed easily evenn the presence of noise.

is possible that two di erent shapes may have the same speafrit is very rare in prac-
tice [78]. The descriptor is discriminative with high preaion and recall ratios [55]. We
use the popular cotangent weighted scheme for computing thaplace-Beltrami spec-
tra [73]. Computation of the Laplace-Beltrami spectra on lage meshes is costly and
therefore we simplify the contour meshes so that the numbef wertices is small. We
simplify the mesh down to 1000 vertices in our experimentsribugh edge collapses driven
by the quadric error metric [44]. If the isosurfaces contaigkinny triangles that result
in numerical errors in the computation of the spectra, meshuglity aware isosurface

generation or remeshing [85, 86] may have to be performed.
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6.2.3 Clustering

We observe that clusters in the descriptor space are well septed and therefore employ
a simple scheme based on nearest neighbor search for cluis¢erFor a given contourc,
other contours that are -symmetric with respect toc are determined by locating points
in the descriptor space that lie within a sphere of radius centered atp., wherep, is the
point in the descriptor space to whictc is mapped. We limit the number of points in the
search space by considering only those points that represéine contours that belong
to the level set ofc. The ideal metric for computing distances in the descriptospace
may be determined using methods like metric learning [51]. Wever, we use Euclidean
distances since it has yielded good results for shape retaewith the Laplace-Beltrami

spectra [55, 78]. The value of the approximation parameteris speci ed by the user.

6.3 Results and Discussion

In this section, we report the results of applying our methodn di erent data sets and
elaborate on comparison with the earlier topology based nietds that we discussed,

selection of parameters, and computational performance.

6.3.1 Comparison with Topological Methods

The segmentation of the domain utilized by our algorithm fotocating symmetric regions
is induced by topological features identi ed through the catour tree. We compare our
method with existing symmetry detection methods that alsoegment the domain on the
basis of topological features. While the contour tree basedethod relies on structural
similarity between the subtrees for symmetry identi catio, the extremum graph based
method depends on distances between the extrema evaluatedam augmented version
of the extremum graph.
As we pointed out, noise in the data that destroy the repeatingtructure of the

subtrees of the contour tree poses challenges in determmisaymmetry using the con-

tour tree. The extremum graph based method is better at hanislg noise and report
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Figure 6.8: Comparison with topological methods for symmaetrdetection. (a) Volume

rendering of a cryo-EM data set (EMDB-1654), with noisy regins depicted in violet.
(b)-(e) Symmetric regions at multiple scales detected by ounethod. The extremum

graph based method reports symmetry only at the largest seal (f) Volume rendering
of a CT scan of a pair of knees. (g) Bilateral symmetry of the lm@s detected by our
method, shown in orange, blue, and pink, even in the presencEmissing regions and
noise in the contours of the data set. (h) Volume rendering dlhe electron density of a
hemoglobin molecule (PDB-ID 1HGA) that exhibit 2-fold rotational symmetry. (i) The

two symmetric regions are detected by our method even thougftey lie in close proximity

to each other. (j) Flat regions corresponding to the global mé@mum of the knee data set
and (k) asymmetric distribution of the extrema of the molecle data set, shown within
dotted boxes, pose challenges in determining the seed settfee extremum graph based
method.

symmetry detected at the largest scale for several cryo-EMata sets. The contour tree
based method, on the other hand, can detect symmetry at di ent scales. Our method
combines the advantage of these two methods. The rst row in §ure 6.8 shows the
result of our method on one of the noisy data sets, EMDB-165%hich was used with
the extremum graph based method. In addition to detecting symetry at the largest
scale, our method is able to identify smaller symmetric regis at di erent scales. Fig-
ure 6.9 shows the projection of the descriptors onto 2D usimgultidimensional scaling
and illustrates that the clusters representing symmetricagions are well separated and

can be easily identi ed. In contrast, the extremum graph basd method requires user
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Figure 6.9: Projection of 93 points in the descriptor space D using multidimensional
scaling for the data set EMDB-1654. Observe that the clusterare well separated. For
the two clusters within the dotted circles, their sizes arermotated below the cluster.

guidance for carefully selecting a set of well separated asgmmetrically distributed ex-
trema, called the seed set, for symmetry detection. Typicakyo-EM data sets is devoid
of noise in the high and low density regions and therefore tlsymmetry of the extrema
belonging to these regions can be easily identi ed for chaog a seed set.

Our method does not make such assumptions and we show the tesaf our method
on two data sets where selection of seed set is non-trivial.gkre 6.8(f) shows a volume
rendering of a CT scan of a pair of knees. Observe the dark regs in the bone where
the scalar values are noisy. Our method identi es the symmgt between the contours
belonging to three portions of the bones in the left and theght knee, shown in orange,
blue, and pink in Figure 6.8(g). An inspection of these contoarshows that the dark
regions of the bone in the volume rendering denote missinggiens and noise in the
contours. Despite these missing regions and noise, our nedhsuccessfully identi es
the symmetry of the bones. The isosurface for this data set #éite global maximum
in Figure 6.8(j) shows that the global maximum is degeneratend forms a at region.
Figure 6.8(h) shows an electron density eld derived from th@atomic coordinates of a
hemoglobin molecule using EMAN software [58]. Our method idges two symmetric
regions, shown in blue and pink in Figure 6.8(i), despite theswo regions being in close
proximity to each other. The isosurface for an isovalue cleso the global maximum,
see Figure 6.8(k), shows that the extrema belonging to the iglensity regions are not
symmetrically distributed within the two regions. In both these cases, selection of a set

of extrema as seed set is not an easy task because of the atiogg and the asymmetric
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Figure 6.10: Multiscale symmetry detected on (left column) &ftex (middle col-
umn) EMDB-1179 and (right column) Neghip data sets. The topmst gure in each
column shows a volume rendering of the data set and di erenysimetric regions de-
tected are shown below it.

distribution of the extrema. Results on additional data set are shown in Figure 6.10.

6.3.2 Parameter Selection

The approximation parameter and the noise parameter are external to our algorithm.
Hence, the stability parameter is the only parameter that is speci ¢ to our method.
Stabilization parameter . The value of the stabilization parameter a ects the detec-
tion of features that are very transient with respect to the eolution of contours during a

level set sweep. Choosing too small a value for the stabilizan parameter may result in
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Figure 6.11: In uence of stabilization parameter, , on symmetry detection. (a) Volume
rendering of a cryo-EM data set (EMDB-1292) shows long tubléde structures that
exhibit 7-fold rotational symmetry. (b) Setting to 0.2% of the length of the range of
scalar values generates unstable contours within the tubi&e regions. The inconsistency
in the merging of the blue and green contours indicates thiastability. (c) Setting to
1% discards the unstable contours. Instead, the small bluertours are generated at a
more stable isovalue. (d) The 7-fold symmetry of the tubeKe regions are identi ed in
both cases since these larger features are not sensitive @ exact value of . (e) The
plot of the number of critical points with increasing simplication shows a signi cant
drop at a low value of . We set to a value immediately after this drop.

only partial detection of such unstable symmetric regionshile choosing too high a value
may result in ignoring these unstable regions in the symmetranalysis. We illustrate
this with a cryo-EM data set (EMDB-1292) with 7-fold rotational symmetry, see the
volume rendering in Figure 6.11(a). In an attempt to capturelie symmetry of the small
unstable regions within the long tube-like regions that fan the 7-fold symmetry, we set
to 0.2% of the total range of scalar values. However, only foof the seven symmetric
regions generate contours belonging to the small regionsthim the tube-like regions,
shown in blue in Figure 6.11(b). Due to the instability of the addles, the contours
belonging to the remaining three regions, for the same isdwa, have already merged, as

shown by the green contours.
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To determine a suitable value for , we adopt the same heuristic used earlier to
stabilize the branch decomposition representation of theontour tree. We plot the drop
in the number of critical points with increasing simpli cation of the contour tree, see
Figure 6.11(e). Initially, there is a sudden drop due to the wstable critical points,
after which the curve tapers o. Based on this plot, we seleca value immediately
after the initial drop. Setting to 1% discards the unstable isovalue generated earlier.
Figure 6.11(c) depicts the 7-fold symmetry of the small blueoatours from the top portion
of the tube-like regions identi ed using the new isovalue gerated. The symmetry of
the remaining small regions are not detected since the highealue of discards the
unstable contours in this region. Note that the exact value of is crucial only while
determining symmetry of the contours belonging to very smiahrcs of the contour tree.
These contours are very transient and quickly merge or splitto another contour during
a level set sweep. For both values of, the symmetry of the tube-like regions is detected
correctly at a di erent isovalue that is more stable, see Fige 6.11(d). This is because
these contours belong to longer arcs and are insensitive teetexact value of .

The inability to detect symmetric regions due to unstable a@tours is a limitation
of our implementation. This limitation arises from the consaint that for the same
isovalue, contours should be consistent with respect to nggng. A solution is to relax
this constraint and allow a small interval of isovalues fronwhich stable contours may
be generated independently by employing a geometric criten like maximally stable
contour [61]. However, when contours at di erent isovalues@ used to detect symmetry,
the variation in the isovalues should also be considered ietgérmining the quality of the
symmetry. For this purpose, we are currently exploring wayt include the di erences
in the isovalues into the distance measure between contounsthe descriptor space.
Approximation parameter . Changing the value of directly a ects the output of
our method since controls the quality of the symmetry detected. We believe @it it
is best to let the user choose the value offor a data set, on the basis of the output it
generates, instead of determining a speci c value through laeuristic procedure. Note

that the rst and the second stages of our algorithm, namelygeneration of contours and
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Figure 6.12: In uence of approximation parameter,, on symmetry detection. (a) Vol-
ume rendering of a cryo-EM data set (EMDB-5214) with 2-foldyanmetry where the left
and the right regions show deviations from perfect symmetry(b) The green oval con-
tours that are almost perfectly symmetric are identi ed wha = 0:1%. (c) Increasing
to 1% results in the addition of two more smaller contours ofval shape and a new set
of symmetric contours shown in maroon. (d) At = 4% a new maroon contour, which is
only partially symmetric with respect to the existing marom contours, is located. Sim-
ilarly, the green contours also deviate from perfect symnwgt (d) Larger green regions
are detected at =8% and (e) =10%. The occluded contours are not shown.

computation of descriptors, are independent of the value of Nearest neighbor search
can be performed e ciently. Therefore, if the rst and seconl stages of our method are
precomputed, it is possible to e ciently regenerate the oytut as is varied. This makes
it possible to provide the user with a slider interface to visalize the e ect of varying
and choose the ideal value for a data set.

Figure 6.12 illustrates the e ect of varying on a cryo-EM data set (EMDB-5214).
Even though the global symmetry is evident, carefully obsee the variation between the
left and the right regions. These variations a ect the quaty of symmetry and is captured
by di erent values of in our experiment. We determine the maximum distance betwae
a pair of points in the descriptor space and specify di erentalues of as a percentage
of the maximum distance. For = 0:1%, the oval contours that are highly symmetric,
shown in Figure 6.12(b), are detected. As the value ofis increased, more approximately
symmetric contours are detected as shown in Figure 6.12(d)-(In each gure, contours
belonging to the same cluster are shown with the same color. tddhat the same data
set was used earlier to emphasize the advantage of the exttemgraph based method
over the contour tree based method. While the extremum graphaled method is able to
detect the global symmetry by virtue of being geometry-awar the contour tree based

method fails to do so due to variations in the features of theeft and the right regions.



Chapter 6. Symmetry Detection Using Contour Clustering 87

i =\ =\ .
{t\ “i : p \ ‘iﬂ/ 6000
= ) ‘

0 2000 4000 6000 8000 10000
Volume

(@) (b) (© (d)

Figure 6.13: In uence of noise parameter,, on symmetry detection. (a) Volume ren-
dering of the Fuel data set, which exhibits 4-fold rotationesymmetry at the top of the
long tube-like region. (b) Three symmetric regions reportewhen is set to 200 vertices.
(c) Lowering to 20 vertices results in the detection of two additional symetric regions
that are smaller. (d) For the Fuel data set, the plot of the nurber of arcs in the contour
tree with a speci c value of volume as the value of the volumadreases. The curve shows
a signi cant drop initially due to the arcs corresponding tonoise. A value immediately
after this drop is chosen as the value of. Plots corresponding to the other data sets
behave similarly.

Our method is able to quantify the e ect of these variations n the output quality.
Moreover, it can recognize partial symmetry at di erent sckes in addition to identifying
the global symmetry.

Noise parameter . We determine the number of arcs of the contour tree with volae
above a particular value and plot the drop in the number of agwith increasing value
of volume. For the Fuel data set in Figure 6.13(a), this plot ishown in Figure 6.13(d).
The plot shows a sudden drop in the number of arcs initially,imilar to the graph used
for determining the stabilization parameter . This drop is due to a large number of
small sized features in the data which are considered to beis® We choose a value
immediately after this sudden drop. When is set to 200 vertices for the Fuel data
set, three sets of symmetric features, each exhibiting 4kdorotational symmetry are
identi ed, see Figure 6.13(b). Lowering to 20 vertices identi es two more smaller
symmetric regions as illustrated in Figure 6.13(c). Thus, acts as a parameter that
controls the size of features analyzed for multiscale syminedetection. Setting to
an even lower value generates contours of very small size sdalescriptors cannot be
reliably compared due to numerical errors. In comparisonhé contour tree based method

is able to easily capture the symmetry of smaller symmetricegions for this data set.
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Table 6.1: Running time, measured in seconds, for the di eme steps in the symmetry
detection algorithm. All experiments were performed on a 2 GHntel Xeon processor
with 8GB RAM. The time taken for computing contour tree is dented by t, generating
contours by t,g, and computing contour descriptors bytcs. The number of contours
processed is denoted by #ctrs and the number of critical padis by #crit.

Data set #vertices tei(S) | teg(S) | tea(s) | #ctrs | #crit
1HGA 72 72 72 1.3 7.7 28.7 78 4698
EMDB-1654 | 112 112 112| 4.6 1.0 8.7 92 55762
Vortex 253 253 253| 82.0 | 19.9 | 163.7| 119 | 1184142
EMDB-1179| 255 255 255| 67.4 | 10.6 | 84.9 | 339 | 338688
Knee 379 229 305|120.4| 94.6 | 429.1| 442 | 1222491

They use a dierent model for determining noise based on pé&gence, which is the
di erence in function value between the extremum and the safle of a topological feature.
Although our implementation may be modi ed to incorporate pesistence based noise
determination, it is not possible to use a single model thatavks across data sets with
di erent noise characteristics. Therefore, we suggest thahe model for determining

noise be adapted based on the application under considecati

6.3.3 Performance

Table 6.1 lists the running time of our algorithm on di erentdata sets. The time required
to compute the contour tree depends on the size of the data sabhd the number of
critical points present in it. The contour generation stagéncludes the time taken for the
simpli cation of large meshes. If the variations in the sizef the contour is discounted,
the contour generation and the descriptor computation stag are linear in the number
of contours processed. Figure 6.14 shows the scaling of cotaianal performance with
respect to the number of the contours. In our implementatignsymmetry with respect
to contours that evolve from maxima and minima are identi edin two separate passes
and the running time listed above is for a single pass. The sliering stage is very quick
and requires less than a second. The current implementatias not very e cient and
o ers a lot of scope for improvement. However, we believe thaten with our suboptimal

implementation, the running times that we report are reasaable for a geometry based
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Figure 6.14: Computational performance scales linearly wittespect to the number of
contours. The time taken, in seconds, for contour generatipdescriptor computation,
and clustering are plotted when the number of contours prossed are 40, 200, 400,
800, and 1600. The plot shows linear scale up in the computati time for contour
generation and descriptor computation. The nearest neigbbsearch takes only a fraction
of a second. The contours are generated from the data set EMEB54. To limit the
variation in performance due to di erences in the size of theontours, this experiment
was performed with contours belonging to a single scale.

algorithm that identi es symmetry at multiple scales.

6.4 Conclusions

In this chapter, we present a novel symmetry detection metlidbbased on the idea of
clustering contours. We show that mapping contours to poistin a descriptor space is
a powerful representation for performing similarity analgis on scalar elds. One of the
main limitations of our method is that symmetry identi cati on is restricted to regions
obtained from the segmentation of the domain induced by theoatour tree. We plan

to extend our method to handle other kinds of segmentation bgesigning an appropri-
ate surface representation for the segments. A related igsis that our method does
not consider symmetry within a contour. A pre-processing ep that segments contours
into smaller partial surfaces may be designed to solve thisgblem. The current imple-

mentation does not incorporate geometric stability critda for selecting representative
contours. It is bene cial to employ such a criteria that selets a stable contour from each

arc of the contour tree to ensure consistency in the shape bietcontours extracted. We
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believe that the descriptor space representation of scalalds will spur research in de-
termining structurally similar features in collections ofrelated data sets like time-varying

and ensemble data and plan to investigate this in future.



Chapter 7

Applications

Symmetry in scalar eld data provides important insights alout the properties of the
underlying scienti c phenomena. Therefore, visualizingygnmetric or repeating patterns
in the data often help the domain scientists in understandmand characterizing the fea-
tures in the data. Additionally, symmetry identi cation helps in improving traditional
techniques for visualization of scalar eld data. For examp, symmetry information may
be used in selection of meaningful cross-section planesdiicing volume data, better vi-
sualization of features by applying di erent rendering telsniques that show complemen-
tary information in the symmetric regions, and selection ofiew directions that removes
redundancies in the data [43]. In this chapter, we describeovel applications that use
symmetry information to enhance visualization of scalar kel data and to facilitate their

exploration.

7.1 Query Driven Exploration

As the size and complexity of data generated through imaginghd simulations grows,
newer paradigms for e ective exploration and interaction vth the data are required.
Query driven exploration is one such paradigm that facilitees navigation through com-
plex data and is gaining popularity over the last few years [&7]. Symmetric regions in

a data set facilitate query driven exploration of the data. Br example, a user can select

91
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a subdomain of interest as the query object and query for alisdomains that are similar
to it. All the selected subdomains could then be optionally siwn or hidden. Such tools
are popular in image manipulation software and extending #m to scalar eld visualiza-
tion will help users e ectively explore their data. Based oithe query object selected, we
describe two related applications, namely, query segmentiven exploration and query

contour driven exploration.

d () ® ) (h)

Figure 7.1: Query based exploration on electrostatic poteat de ned on molecular sur-
faces and channels. The query regions are shown in pink whihe results are shown in
green. (a) Electrostatic potential on the surface of the clmmel network in a membrane
protein. (b) Query region and the result of the query. Six chanels are symmetric to
the query. (c) Electrostatic potential on the channel netwrk in Gramicidin molecule.

(d) The query region and the result. (e) A similar result for aother query. (f) Elec-

trostatic potential on the molecular surface of Gramicidin (g) The query region along
with the result. (h) A scenario where the query and the resulare completely occluded
by the molecular surface. To visualize the occluded regigrthe context is shown in a
translucent wire frame.

7.1.1 Query Segment Driven Exploration

A region of interest that is segmented from the domain may barmployed as the query
region and the symmetry information may be utilized to identy other regions similar
to the query. To facilitate exploration using regions of th&lomain as query, the domain
needs to be segmented. For the illustrations in this sectipmve use Morse decomposi-
tion to segment the scalar eld [21, 25, 38]. In Figure 7.1, quebased exploration of
the electrostatic potential elds de ned on molecular surices and channels is shown.
Figure 7.1(a) shows the channel network of a protein (PDB-ID2OAU) where the small

bulb-like structures exhibit 7-fold rotational symmetry. One of the bulbs, shown in pink,
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is selected as the query. The remaining six channels simitarthe query are successfully
detected and shown in green in Figure 7.1(b). Similar resslare shown in Figure 7.1(c)-
(e) for a channel through Gramicidin (PDB-ID: 1GRM). We alsoshow results on the
molecular surface of Gramicidin in Figure 7.1(f)-(h) for two derent queries. The rst
guery, shown in Figure 7.1(g) detects only one region symmigttto it with respect to the
scalar eld, even though that residue repeats eight times ithe molecule, because the
scalar eld distribution of the rest of the residues are di eent. The second query, shown

in Figure 7.1(h), highlights that the query can extract even egions which are occluded.

7.1.2 Query Contour Driven Exploration

To facilitate exploration using regions of the domain as qug the domain needs to be
segmented and this is often a challenge. Instead, it is easy\isualize the evolution of
contours during a level set sweep and select a contour of irgst. We demonstrate that
our symmetry detection method can be used to explore data saising a contour as the
query object.

A simulation of the hurricane Isabel [52], which struck the west Atlantic in 2003,
was performed on a 500500 100 grid over 48 time steps. Figure 7.2(a) shows a volume
rendering of the pressure eld in the rst time step. The low pessure region is shown
in red. A domain expert with the knowledge that isocontoursn the low pressure region
roughly has the shape of a hemisphere can use a syntheticalgnerated shape, shown
in Figure 7.2(b), as the query object. We generate di erent cdours of the volume and
identify the contour in the volume that is similar to the quey object. This can be done
e ciently using the contour clustering method by searchingin descriptor space for the
nearest neighbor of the query contour. We identify the conts shown in Figure 7.2(c)
through this search. Note that the size and the exact shape did query object may be
di erent from that of the contour. However, our method is robwst to small variations

and therefore the query successfully identi es a contourdm the low pressure region.

IHurricane Isabel data was produced by the Weather Research and ForecatVRF) model, courtesy
of NCAR and the U.S. National Science Foundation (NSF).
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Figure 7.2: Query driven exploration using contours. (a) Vaime rendering of the rst
time step of the hurricane Isabel data set. Low pressure regi shown in red. Querying
with (b) a synthetically generated half-ellipsoid nds (c)an isocontour with similar shape
from the low pressure region. (d) The corresponding volunrét region shown in yellow.
(e)-(h) The isocontour from the low pressure region of the st time step is employed as
the query contour and the result on four di erent time steps12, 24, 36, and 48 is shown.
Note that even though the contours contain noise, they are lated correctly due to the
robustness of our method. (i)-(I) The corresponding voluntiec regions shown in yellow.

The volumetric region of the domain from which the contour igenerated is extracted
and displayed in the context of the rest of the volume in Figur&.2(d).

We describe the above experiment to demonstrate the powertbke descriptor space
as a geometry based representation of the scalar eld. But,eanxconcede that using a
synthetic shape as query object may not always be possible. waver, the user could
select one of the contours from a region of interest as the quebject. It is straightfor-
ward to see that this approach may be used to query for symmaeatrregions within the
same data set. What is more interesting is that the same apprdacan be extended to

search through multiple data sets. We use the contour shown Figure 7.2(c) from the
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Figure 7.3: Query contour driven exploration using multiplecontours on a weather
simulation data set of size 306 285 27. (a) Volume rendering of the pressure eld
from the rst time step of the simulation shows two depressits in the Paci c ocean in
red. (b) Two query contours selected from the low pressuregien of the rst time step
shown in gold and cyan. (c)-(j) The result of the query on fousubsequent time steps
that are one hour apart shows the two low pressure regions deted in gold and cyan.
The left and the right columns show the volumetric region exacted and the contour
located, respectively.
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rst time step as the query object to search through the othetime steps. The contours
detected as a result of executing the query on four di erentime steps, 12, 24, 36, and
48, are shown in Figure 7.2(e)-(h). Observe that the contourshow variations in their
shape and have considerable amount of noise. Also, as oppadsethe query contour, a
signi cant portion of the mouth of the contour is closed in Figire 7.2(h) as the hurricane
makes landfall. The query is successful even with these deages and emphasizes the
robustness of our method. Similar to Figure 7.2(d), the voluetric region of the domain
can be extracted in each case as shown in the last row. We alkows results on another

weather simulation data set using two contours in Figure 7.3.

7.2 Symmetry-aware Isosurface Extraction

Volumetric data is often analyzed by extracting di erent isosurfaces and studying their
properties. The number of components in the isosurface forcven isovalue can be
quite large. Data exploration via isosurfaces often becomeéi cult because the larger
components may occlude the smaller components. For instangf an inner component
is nested within a bigger outer component, then a user may rsithe inner component as
it is completely hidden. Users could use cut-section views ttearly see the components
of interest, see Figure 7.4(a)-(b). Such steps often hindelng data exploration process
since users have to manually hide parts of the isosurface trae not of interest.

Our classi cation of regions into di erent groups can be usgfor e ective isosurface
extraction. Traditional isosurface visualization does rtalistinguish between the di erent
isosurface components. Symmetry information allows clasation of isosurface compo-
nents into di erent groups based on the symmetry of the compents. Highlighting the
isosurface components based on the group to which they bejaresults in enhanced vi-
sualization of the isosurface. Each group can be inspectedépendently and this avoids

problems of occlusion and visual clutter while visualizinthem, see Figure 7.5.
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Figure 7.4. Symmetry-aware isosurface extraction. (a) Owshaped isosurface compo-
nents are occluded by the surrounding isosurface compongnib) Cut-section view of
the isosurface that shows some of the oval components. (c)8yetry information com-
puted can be used to highlight the oval-shaped components lifue, or (d) hide rest of
the components that occlude the oval-shaped components.

(@) (b) (© (d) (e)

Figure 7.5: Symmetry-aware isosurface extraction. (a) Tratbnal isosurface visual-
ization extracts all isosurface components for a given isdue without di erentiating
between the various isosurface components. (b) Isosurfamemponents are classi ed into
di erent groups based on symmetry. Components that are simair are shown with the
same color. (c)-(e) Tools can be designed to allow the usergelect a component and
automatically show or hide similar components.

7.3 Symmetry-aware Transfer Function Design

A good transfer function assigns color and opacity values &ach point of a volume in
a manner that highlights important features of the volume. [Bsigning good transfer
functions is a challenging problem in visualization. Trarfer functions that are typically

used assign color and opacity values based on the scalar eadt each point of the volume.
Such transfer functions will not be able to highlight distirctly di erent features of the

volume if they belong to the same range of function values. Tavercome this problem,
contour trees have been used to design spatially aware trégsfunctions by assigning
di erent transfer functions to di erent branches of the cortour tree [102, 112]. However,

these methods do not detect repeating patterns in the domaimhile assigning di erent
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(@) (b) (© (d)

() ® 9 (h)

Figure 7.6: Symmetry-aware transfer function design. (a) Weme rendering of a 3D
Taylor-Green vortex ow simulation data set. Traditional volume rendering makes it
di cult to distinctly highlight di erent features belongi ng to the same function range.
(b) Symmetric or repeating patterns are detected and higlghted by using a distinct
transfer function for each symmetric group. (c)-(f) All occaences of a single pattern
can be examined in isolation. (g)-(h) A pattern can be examed in the context of the
rest of the volume without being obstructed by other feature of the domain.

transfer functions. On the other hand, symmetry informatia we compute can be used
to classify regions into di erent groups based on symmetnbistinct symmetries can be

assigned di erent transfer functions while repeating regns within the same symmetry

can be assigned the same transfer function, thus highlighy repeating patterns in the

domain.

Figure 7.6(a) shows a volume rendered image of the 3D Tayloré&n vortex ow
data. Rendering the entire volume to show all features ofteresults in visual clutter.
We identify symmetric regions in the domain and assign di emd transfer functions
to di erent patterns in the scalar eld distribution, as shown in Figure 7.6(b). These
repeating regions can also be examined in isolation, see Fgu.6(c)-(f). Classi cation
of regions of the domain into di erent groups allows the usetlo examine similar regions
of interest in the context of the rest of the volume while remaing unobstructed by other

features in the volume. We achieve this by assigning a high apty transfer function
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to regions that belong to a group and a low opacity transfer fiction to the rest of the
volume, see Figure 7.6(g)-(h). Similarly, it is possible toitle repeating occurrences of a

feature, thereby allowing the user to focus on the unique feeses in the volume.

7.4 Asymmetry Visualization

Asymmetry in scalar elds often reveals crucial characterigs of the underlying physical

phenomenon. For example, asymmetry between the left and thght breasts in mam-
reported as symmetric, we determine asymmetry of contoag, 1 k n, with respect

mine the symmetry transformation that maps eacltt; 2 S onto ¢, and spatially align ¢
with ¢, by applying the transformation. The transformation may be @termined using
the ICP (Iterative Closest Point) algorithm. These spatialy aligned meshes irs are then
glued together to generate a single mesh, say,q, with respect to which asymmetry ofc,
is determined. For this purpose, we use thidletro tool [23], which evaluates the distance
from the vertices of the mestt, to the meshc,,4 by computing for each vertex inc the
closest point inc,g. A large distance means that there was no point correspondirio
it in the other contours, an indication of asymmetry. Note tha the Metro tool cannot
compute distances between contours directly from their @inal spatial coordinates. It
requires both the meshes to be spatially aligned. The diste@ computed at each vertex
using Metro is stored as a scalar eld o, and the procedure is repeated for each con-
tour. The asymmetry in the contours can then be located by wvimlizing the distance
elds. Figure 7.7 shows a cryo-EM data set in which the top andditom regions are
symmetric. The procedure above is applied to two contours mad as symmetric by
our method. Observe that the tip of the long club-like portio of the top contour is thin
while that of the bottom contour is fat. This asymmetry can bedistinguished from the

dark red regions that depict vertices with large distance vaes.
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(@) (b) (©) (d)

Figure 7.7: Asymmetry visualization. (a) Volume rendering ofa cryo-EM data set
(EMDB-1134) depicts two symmetric regions. (b) Two symmeic contours extracted by
our algorithm shown in maroon and orange. The tip of the longlab-like portion of the
contours at the top and bottom is asymmetric. (c) The top contur is aligned with the
bottom contour and a distance eld is computed. (d) Visualiztion of the distance eld.
The dark red regions are asymmetric.

@) (b) (©) (d)

Figure 7.8: Proximity-aware volume visualization. (a) A vaime rendered image of cryo-
EM data set EMDB-1603 and (b) its seed set. (c) The seed cellsgether with the
Morse cells that lie in its proximity are extracted. The volume can also be cropped
automatically to include only the selected features, thusaducing the size of the volume
from 160 160 160to 92 93 50. (d) The remaining Morse cells which correspond
to noise in the data. The transfer function used for all the gres is identical.

7.5 Proximity-aware Feature Visualization

In this section, we describe an application that uses distaas computed through aug-
mented extremum graph traversal although it is not directlyrelated to detecting sym-
metry. Distances from the seed cells to the remaining Morsells computed during the
augmented extremum graph traversal can be used for proximiaware selection and vi-
sualization of features. A user can specify the proximity hes interested in and only
those Morse cells that satisfy the proximity criteria, meaged in terms of the distance

from the seed cells will be selected and extracted. Thus a givset of features that the
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(@) (b) (€) (d)

Figure 7.9: Symmetry-aware editing and rendering. (a)-(c) Wo internal layers are
peeled o from the segment shown in blue to reveal the featwsen the interior and
the corresponding actions are automatically performed orhé¢ other three symmetric
segments. (d) The symmetric regions are rendered di eregtby peeling di erent internal
layers and shows complementary information in a single view

user deems as important (seed cells) can be visualized togetiwith only those features
that lie in its proximity. We use this technique for separatng the features from noise as

shown in Figure 7.8(c) and Figure 7.8(d).

7.6 Symmetry-aware Editing and Rendering

Exploration of features in 3D scalar eld data often involve signi cant e ort from the
user to interact with the volume and focus on the features ohterest. Symmetry-
aware segmentation obtained by our method can o er considdrle assistance to users
in performing such time consuming interactions. User can iaetact with one of the
segments by applying di erent volume editing operations ahthe same operations can
be automatically applied to the remaining segments. We shoan illustration of this
technique in the context of peeling features in a volume as @lin in Figure 7.9(a)-
(c). Observe that because of the symmetry in the data, each tfe segment presents
the same information. Instead, complementary informatiorfrom di erent symmetric
segments may be presented in a single view by rendering eaegmsent di erently [43].
We show this in Figure 7.9(d) where each segment is rendered atdi erent level of

peeling.
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7.7 Conclusions

In this chapter, we describe di erent applications of detding symmetry in scalar elds.
While some of the applications like symmetry-aware transféunction design, symmetry-
aware isosurface extraction, and symmetry-aware editinghd rendering enhance tradi-
tional visualization methods, the other applications likequery driven exploration, asym-
metry visualization, and proximity-aware visualization @en up new avenues for the
analysis and exploration of scalar elds. Until now, not muchwork has been done in
developing applications of symmetry detection to domain ggi ¢ problems. One of the
main reasons behind this was the lack of robust and computatially e cient methods
for symmetry detection. The methods proposed in this thesmvercome these challenges
and we hope this will lead to new applications of symmetry dettion for domain speci c

problems.
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Conclusions

Designing e cient and robust methods that detect symmetry n scalar elds in a feature-
aware manner is a challenging problem. This thesis propogbsee methods to address
these challenges. Symmetry is detected by identifying silai subtrees of the contour
tree, comparing distances using augmented extremum grapmd clustering contours in
a high-dimensional shape descriptor space. We show throudirerent applications that
extracting symmetry information bene ts visualization ard exploration of scalar elds.
Although this thesis speci cally addresses the problem of symetry detection in
scalar elds, it is easy to see that the methods we propose che extended to analyze
similarity between di erent data sets. Structural comparson of features is very useful in
analyzing the behavior of the underlying scienti c phenoneon in collections of related
data sets like time varying data and ensemble data. For exarnep in the case of time
varying data generated at a high frequency, there will be coderable redundancy in
the data. It is a challenge to identify redundant time steps ad remove them so that
only key time steps are used for further analysis. A relatedrgblem is identifying if
features in a time step repeat at periodic intervals. For eesble data, it is important
to characterize the correlation between the di erent runs foan experiment. Structural
comparison between the features generated by each run is oda importance in such
an analysis. We believe that the e cient and robust methodsdr similarity comparison

that we have proposed in this thesis will immensely help in a@dessing these challenges.
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Big data analysis is an emerging eld in scienti ¢ data analgis. There is a lot of
focus in developing new paradigms for exploring such data. eNbelieve that methods
like query driven exploration that we described in Section.Z will play a vital role in the
visualization and exploration of big data. Similarity infaoamation extracted from a large
dataset may also lead to research in compactly representisgch data. It is however a
major challenge to develop scalable methods for extractirggmilarity information from
large datasets.

It is encouraging to note that in recent years several methadhave been proposed
for similarity analysis in scalar elds [3, 4, 82]. We hope tis thesis will inspire the
development of more such methods. While we have discussed sarhthe applications
of our methods, we believe that applications of similarity malysis in scalar elds is still
a largely untapped area. It is only a matter of time before newapplications of similarity

information are developed for better visualization and expration of scalar elds.
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