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Abstract

We study the problem of finding a minimum homology basis, that is, a lightest set
of cycles that generates the 1-dimensional homology classes with Zz coefficients
in a given simplicial complex K. This problem has been extensively studied in the
last few years. For general complexes, the current best deterministic algorithm,
by Dey et al. [13], runs in O(Nm*“~! + nmg) time, where N denotes the total
number of simplices in K, m denotes the number of edges in K, n denotes the
number of vertices in K, g denotes the rank of the 1-homology group of K, and
w denotes the exponent of matrix multiplication. In this paper, we present three
conceptually simple randomized algorithms that compute a minimum homology
basis of a general simplicial complex K. The first algorithm runs in O(m“’) time,
the second algorithm runs in O(N'm®~?') time and the third algorithm runs in
O(N?g 4+ Nmg? + mg®) time which is nearly quadratic time when g = O(1).
We also study the problem of finding a minimum cycle basis in an undirected
graph G with n vertices and m edges. The best known algorithm for this problem
runs in O(m®) time. Our algorithm, which has a simpler high-level description,
but is slightly more expensive, runs in O~(m“’) time.

We also provide a practical implementation of computing the minimum homology
basis for general weighted complexes. The implementation is broadly based on
the algorithmic ideas described in this paper, differing in its use of practical
subroutines. Of these subroutines, the more costly step makes use of a parallel
implementation, thus potentially addressing the issue of scale. We compare results
against the currently known state of the art implementation (ShortLoop).

Keywords: Computational topology, Minimum homology basis, Minimum cycle basis,
Matrix computations, Randomized algorithms



1 Introduction

Minimum cycle bases in graphs have several applications, for instance, in analysis of
electrical networks, analysis of chemical and biological pathways, periodic scheduling,
surface reconstruction and graph drawing. Also, algorithms from diverse application
domains like electrical circuit theory and structural engineering require cycle basis
computation as a preprocessing step. Cycle bases of small size offer a compact descrip-
tion of representatives that is advantageous from a mathematical as well as from an
application viewpoint. For this reason, the problem of computing a minimum cycle
basis has received a lot of attention, both in its general setting as well as in special
classes of graphs such as planar graphs, sparse graphs, dense graphs, network graphs,
and so on. We refer the reader to [21] for a comprehensive survey.

In topological data analysis, “holes” of different dimensions in a geometric dataset
constitute “features” of the data. Algebraic topology offers a rigorous language to
formalize our intuitive picture of holes in these geometric objects. More precisely, a
basis for the first homology group Hj can be taken as a representative of the one-
dimensional holes in the geometric object. The advantages of using minimum homology
bases are twofold: firstly, one can bring geometry in picture by assigning appropriate
weights to edges, and secondly, smaller cycles are easier to understand and analyze,
especially visually. We focus solely on the bases of the first homology group since the
problem of computing a lightest basis for higher homology groups with Z; coefficients
was shown to be NP-hard by Chen and Freedman [9].

Outline and Contributions

In Section 2, we discuss the necessary preliminaries for cycle basis and homology basis
computation. In Section 3, we describe a simple algorithm for computing a minimum
cycle basis of a weighted graph.

In Section 4, we prove a structural result relating minimum homology bases to
minimum cycle bases. Specifically, we show that every minimum cycle basis of the 1-
skeleton of a complex contains a minimum homology basis. In Section 5, we describe
two randomized algorithms (Algorithms 4 and 5) for computing a minimum homology
basis of a complex. In Section 6, we describe a third randomized algorithm (Algo-
rithm 6) for the same problem that runs in nearly quadratic time when the first Betti
number of the complex is a constant. All three algorithms use state-of-the-art black
box matrix operations, and only the second one (Algorithm 5) uses the structural
result proved in Section 4. Algorithm 4 computes the column rank profile of a matrix
consisting of tight cycles appended to the boundary matrix of the complex, whereas
Algorithm 5 computes the column rank profile of a matrix consisting of a minimum
cycle basis of the 1-skeleton of the complex appended to the boundary matrix of the
complex. Algorithm 6 builds a matrix B containing the minimum homology basis by
iteratively finding a lexicographically smallest cycle from the set of tight cyles that is
linearly independent of the current set of cycles stored in B by using a randomized
binary search.

To demonstrate that the ideas in this work have practical relevance, we provide
an implementation of an algorithm based on Algorithm 5. The implemented algo-
rithm for computing minimum homology basis differs from Algorithm 5 in the use of



matrix operations for computational e ciency. In particular, unlike Algorithm 5, it
uses matrix reduction algorithm from the PHAT library [4]. The details of the imple-
mentation can be found in Section 8. Finally, in Section 9, we describe experiments on
real-world datasets as well as random complexes. We show that our implementation
FastLoop! consistently outperforms the state-of-the-art homology basis computation,
ShortLoop [12, 26]).

Finally, we remark that this paper is the full and extended version of the conference
version published in [28].

2 Background and Preliminaries

2.1 Cycle Basis

Let G = (V;E) be a connected graph. Throughout this paper, in context of graphs, we
usen to denote the number of verticesjVj and m to denote the number of edgegEj.

A subgraph of G that has even degree for each vertex is called eycle of G. A cycle is
called elementary if the set of edges form a connected subgraph in which each vertex
has degree 2. We associate an incidence vect@r, indexed onE, to each cycle, so that
Ce = 1if eis an edge of the cycle, ancC, = 0 otherwise. The set of incidence vectors of
cycles forms a vector space oveZ,, called the cycle spaceof G. It is a well-known fact
that for a connected graph G, the cycle space is of dimensiom n+ 1. Throughout,
we use to denote the dimension of the cycle space of a graph. A basis of the cycle
space, that is, a maximal linearly independent set of cycles is called eycle basis

Suppose that the edges o6 have non-negative weights. Then, the weight of a cycle
is the sum of the weights of its edges, and the weight of a cycle basis is the sum of the
weights of the basis elements. The problem of computing a cycle basis of minimum
weight (or lightest cycle basis) is called theminimum cycle basis problem. Since we
assume all edge weights to be non-negative, there always exists a minimum cycle basis
of elementary cycles, allowing us to focus on minimum cycle basis comprising entirely
of elementary cycles.

Moreover, we de ne the length of a cycleto be the number of edges in the cycle,
and the length of a cycle basisto be the sum of lengths of the cycles of the basis
elements.

An elementary cycle C is tight if it contains a lightest path between every pair of
points in C. We denote the set of all tight cycles in the graph byT . Tight cycles are
sometimes also referred to assometric cycles [2, 21]. Tight cycles play an important
role in designing algorithms for minimum cycle bases, owing to the following theorem
by Horton.

Theorem 1 (Horton [18]). A minimum cycle basisM consists only of tight cycles.

A key structural property about minimum cycle bases was proved by de Pina.

Theorem 2 (de Pina [27]). CyclesC;:::;C form a minimum cycle basis if there

alli, 1 i
Pre x Orthogonality: hCy;Sji =0 forall 1 k<i.

L https://bitbucket.org/vgl _iisc/fastloop/
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Non-Orthogonality: hCi;Sji = 1.
Shortness: Cj is a minimum weight cycle in T with hC;; Sji = 1.

The vectors S;;:::;S in Theorem 2 are calledsupport vectors The recent line
of algorithmic work [2, 20, 22, 24, 27] on the minimum cycle basis problem rely
on Theorem 2. In fact, these algorithms may all be seen as re nements of the algorithm
by de Pina, see Algorithm 1.

Algorithm 1 De Pina's Algorithm for computing a minimum cycle basis

1: Initialize S; to the i-th unit vector g for 1 |
2. for i 1;:::; do

3 Compute a minimum weight cycle C; with hC;; Sji = 1.
4: for j i+1;:::; do

5 Sj:Sj"'f'Ci;SjiSi

6: Return fCy;:::;C g.

Algorithm 1 works by inductively maintaining a set of support vectors fSjg so
that the conditions of Theorem 2 are satis ed when the algorithm terminates. In
particular, Lines 4 and 5 of the algorithm ensure that the set of vectorsS; for j >i are

of Algorithm 1 takes time O(m3) time in total. Using a divide and conquer procedure
for maintaining S;, Kavitha et al. [20] improved the cost of maintaining the support
vectors to O(m' ) e ectively improving the cost of computing minimum cycle basis
from O(m' n) to O(m?n + mn?logn), see Algorithm 2.

Algorithm 2  Divide and conquer procedure for fast computation of support vectors
by Kavitha et al. [20]

1: Initialize S; to the i-th unit vector ¢ for 1 i
2: MinCycleBasis(1; ).

3. procedure MinCycleBasis (7;u)

4 if * = uthen

5 Compute a minimum weight cycle C- with hC-; Si = 1.
6: else

7 qgb Cue
8 MinCycleBasis(’; q).

o: C [C;iinCql

10: W (CT[S;::5Sq]) YCT[Sqensiii5Sul.

11: [Sgr1:::5;Su]  [SgeasiiiSul+[S i SqlW.
12: MinCycleBasis(q+ 1;u).

13: Return fCq;:::;C g.




Lemma 3 (Lemma 5.6 in [21]). The total number of arithmetic operations performed
in lines 9 to 11 of Algorithm 2 is O(m'). That is, the support vectors satisfying
conditions of Theorem 2 can be maintained inO(m' ) time.

Finally, in [2], Amaldi et al. designed an O(m' ) time algorithm for computing a
minimum cycle basis by improving the complexity of Line 5 of Algorithm 2 to o(m')
(from O(m?n) in [20]), while using the O(m' ) time divide-and-conquer template for
maintaining the support vectors as presented in Algorithm 2. The o(m') procedure
for Line 5 is achieved by performing a Monte Carlo binary search on the set of tight
cycles (sorted by weight) to nd a minimum weight cycle C; that satis es hC;i; Sji = 1.
An e cient binary search is made possible on account of the following key structural
property about tight cycles.

Theorem 4 (Amaldi et al. [2]). The sum of lengths of the tight cycles in a graph is
at mostn .

Amaldi et al. [2] also show that there exists anO(nm) algorithm to compute the
set of all the tight cycles of an undirected graphG. See Sections 2 and 3 of [2] for
details about Amaldi et al.'s algorithm.

2.2 Matrix operations

The column rank pro le (respectively row rank prole ) of an m n matrix A with

Throughout, we usennzA) to denote the number of nonzero entries in matrixA .

It is well-known that classical Gaussian elimination can be used to compute rank
prole in O(nmr) time. The current state-of-the-art deterministic matrix rank pro le
algorithms run in O(mnr' 2) time.

Theorem 5 ([15, 19]). There is a deterministic O(mnr' 2) time algorithm to
compute the column rank prole of anm n matrix A.

In case of randomized algorithms, Cheung, Kwok and Lau [10] presented a break-
through Monte Carlo algorithm for rank computation that runs in ( nnz(A)+ r' )1+ °@
time, where 0(1) in the exponent captures some missing multiplicative lognh and logm
factors. Equivalently, the complexity for Cheung et al.'s algorithm can also be written
as O(nnz(A) + r'). The notation O() is often used in literature to hide small poly
logarithmic factors in time bounds. While the algorithm by Cheung et al. also com-
putes r linearly independent columns of A, the columns may not correspond to the
column rank pro le. However, building upon Cheung et al.'s work, Storjohann and
Yang established the following result.

Theorem 6 (Storjohann and Yang [29, 30, 33]) There exists a Monte Carlo algorithm
for computing row (resp. column) rank pro le of a matrix A that runs in O(nnz(A)+
r') time. The failure probability of this algorithm is =.

In Section 6, we use Wiedemann's algorithms as subroutines to design an output
sensitive algorithm to compute the minimum homology basis of a complex.

Remark 1. Wiedemann [32] presented randomized algorithms to compute the rank of
anm n matrix A over a nite eld and for computing a solution to a sparse system



of linear equations A x = b (if one exists). Both algorithms run in O(ny(nnz(A)+ ny))
time, where n; = max(m;n) is the maximal dimension of the matrixA .

2.3 Homology

In this work, we restrict our attention to simplicial homology with Z, coe cients. For
a general introduction to algebraic topology, we refer the reader to [17]. Below we give
a brief description of homology overZ,.

Let K be a connected simplicial complex. We us& (P) to denote the set of p-
dimensional simplices ofK , and n, the number of p-dimensional simplices ofK . Also,
the p-dimensional skeleton ofK is denoted by K. In particular, the 1-skeleton of K
(which is an undirected graph) is denoted byK ;. Throughout this paper, in context of
simplicial complexes, we usen to denote jK @ j, m to denote jK ¥ j, and N to denote
iKj.

er consider formal sums of simplices withZ, coe cients,Pthat is, sums of the
form >k & , where eacha 2 f0;1g. The expression ,, a is called
a p-chain. Since chains can be added to each other, they form an abelian group,
denoted by Cy(K). Since we consider formal sums with coe cients coming fromZ,
which is a eld, Cy(K), in this case, is a vector space of dimensiom, over Z,. The
p-simplices in K give rise to the standard basis forC,(K). This establishes a one-to-
one correspondence between elements Gf (K ) and subsets ofK (P), Thus, associated
with each chain is an incidence vectorv, indexed on K (P wherev = 1if s a
simplex ofv, andv = 0 otherwise. The boundary of ap-simplexisa ( 1)-chain that
corresponds to the set of its p  1)-faces. This map can be linearly extended fronp-
simplices to p-chains, where the boundary of a chain is theZ,-sum of the boundaries
of its elements. Such an extension is known as théoundary homomorphism and
denoted by @ : Co(K) ! C, 1(K). Achain 2 Cy(K) is called ap-cycleif @ =0,
thatis, 2 ker@. The group of p-dimensional cycles is denoted by,(K ). As before,
since we are working withZ, coe cients, Z,(K) is a vector space overZ,. A chain

2 Cy(K) is said to be ap-boundary if = @.1 ¢ for some chainc 2 Cy.1 (K), that
is, 2im @1 . All p-boundaries are alsgp-cycles and sometimes referred to asivial
cycles The p-cycles that are not p-boundaries are referred to asontrivial cycles. The
group of p-boundaries is denoted byB,(K). In our case,By(K) is also a vector space,
and in fact a subspace ofZ,(K).

Thus, we can consider the quotient spacéH,(K) = Z,(K)=By(K). The elements
of the vector spaceH,(K), known as the p-th homology groupof K, are equivalence
classes op-cycles, wherep-cycles are equivalent if theirZ,-di erence is a p-boundary.
Equivalent cycles are said to behomologous For a p-cycle , its corresponding homol-
ogy class is denoted by []. Bases ofBy(K), Z,(K) and Hy(K) are called boundary
bases cycle basesand homology basesespectively. The dimension of thep-th homol-
ogy group of K is called the p-th Betti number of K, denoted by ,(K). We are
primarily interested in the rst Betti number  ;(K). For notational convenience, let
g= 1(K), and denote the dimension ofB;(K) by b.

Using the standard bases foiC,(K ) and C, 1(K),thematrix [@ 1@ 2 @ n,]
whose column vectors are boundaries gd-simplices is called thep-th boundary matrix.
Abusing notation, we denote the p-th boundary matrix by @. For the rest of the



Fig. 1 Consider complexes K and L in the gure above with unit weights on the edges.
Since K has no 2-simplices, its 1-skeleton K1 is identical to K itself. The set of cycles C =
ff 1;2;59;f1;4;8q;f3;4;7g;f2;3;69; f 1; 2; 3; 4gg constitutes a minimum cycle basis for the respective
1-skeletons K1 and L1 (viewed as graphs). The set C also constitutes a minimum homology basis for
K . The set C0= ff 1;2;3;4g;f 3;4; 7gg constitutes a minimum homology basis for L.

paper, we usen;m and N to denote the number of vertices, edges and simplices in
the complex respectively.

Assigning non-negative weights to the edges df , the weight of a cycleis the sum of
the weights of its edges, and theweight of a homology basiss the sum of the weights
of the basis elements. The problem of computing a minimum weight basis ofl;(K)
(that is, a lightest basisof H;(K)) is called the minimum homology basisproblem.
Note that, when the input simplicial complex is a graph, the notions of homology basis
and cycle basis coincide. Please refer to Figure 1 for an example.

Moreover, we de ne the length of a 1-cycle to be the number of edges in the 1-
cycle, and the length of a homology basito be the sum of lengths of the 1-cycles of
the basis elements.

For the special case when the input complex is a surface, Erickson and Whittle-
sey [16] gave &@(n?logn + gn? + g3n)-time algorithm. Recently, Borradaile et al. [6]
gave an improved deterministic algorithm that runs in O(g®n logn + m) assuming the
lightest paths are unique. For small values ofg, the algorithm in [6] runs in nearly
linear time.

Furthermore, Dey et al. [12] and Chen and Freedman [8] generalized the results
by Erickson and Whittlesey [16] to arbitrary complexes. Subsequently, introducing
the technique of annotations, Busaryev et al. [7] improved the complexity toO(N' +
N2g 1). More recently, Dey et al. [13] designed arO(N' + N 2g) time algorithm by
adapting the divide and conquer algorithm for computing a minimum cycle basis of
Kavitha et al. [20] for the purpose of computing a minimum homology basis. Dey et
al. also desigrbed a randomized 2-approximation algorithm for the same problem that
runs in O(N' ™ N'TogN) expected time. It is possible to etablish a tighter bound for
the algorithm by Dey et al. [13] (See Section 7).



2.4 Matroids

A matroid M consists of a pair §;1 ), where S is a nite ground set and | is a
family of subsets ofS satisfying the following axioms:
1.;21 ;
2.if121 andJ |I,thenJd 21 ;and S
3.if;K 21 andjlj< jKj, then there is an elemente2 K nl suchthatl feg?2
.
Ifasetl S belongstol ,thenitis called anindependent sef otherwise it is called
a dependent setA circuit in a matroid M is a minimal dependent subset ofS. All
proper subsets of circuits are independent sets. A maximal independent set is called
a basis of the matroid.

Matroids admit a very useful property that goes by the name of basis exchange
property: If A and B are distinct bases of a troid anda 2 A nB, then there
exists an elementb 2 B n A such that A(nfag) fbg is again a basis. Aweighted
matroid is a matroid M equipped with a weight function w: S! R* that additively
extends to all subsets ofS. From an algorithmic standpoint, the most important
property of weighted matroids is that there is a greedy algorithm for these matroids
that computes the maximum (minimum) weight basis. It can be easily checked that
B is a minimum weight basis of a matroid if and only if none of the elements oB
can be exchanged for a lighter element while still preserving linear independence. As
an immediate consequence, if the elements in two distinct minimum bases are sorted
by weight, then the ordered sets of sorted weights coincide.

Let the cycle space ofG be the ground set , and let | be de ned as follows.

I =fljl is alinearly independent set of cycles ofsg

Then, the pair M = ( ;1 ) forms a matroid. When combined with a weight
function on edges, it becomes a weighted matroid. Cycle bases &f correspond to the
bases ofM .

Analogously, let the nontrivial 1-cycles of a 2-complexK be the ground set ° and
let I °be de ned as follows.

| %= I j I is a linearly independent set of nontrivial cycles ofKg

Then, the pair M °=( %1 9 together with a weight function on the edges forms
a weighted matroid. Sets of cycles whose classes form 1-homology baseXddre the
bases of matroidM °.

Key to our algorithms is the property that the cycles in a cycle (homology) basis
can be exchanged with other cycles while preserving independence.
Remark 2. For any subset ; of the ground set (resp. any subset ¢ of the ground
set 9 with the property that ; (resp. ) contains a minimum weight basis, the
column rank pro le of a matrix whose columns consist of cycles from ; (resp. cycles
from 9) is the greedy algorithm that returns a minimum weight basis.



3 An algorithm for computing a minimum cycle
basis

by weight, and let T (G) =[C;1 C,::: Cjr;] be the matrix formed with cycles C; as its
columns. Using Theorem 4, since the total length of tight cycles is at mosn , and
since each tight cycle consists of at least three edges, we have thatj 5. Also, the
rank of T(G) is and T (G) is a sparse matrix with nnzZT (G)) bounded by n . This
sparsity is implicitly used in the design of the Monte Carlo binary search algorithm for
computing a minimum cycle basis, as described in [2]. We now present a simple and
fast algorithm for minimum cycle basis that exploits the sparsity and the low rank of

T (G) more directly.

Algorithm 3 Algorithm for minimum cycle basis

1: Compute the sorted list of tight cycles in G, and assemble the matrixT (G).

Yang's algorithm described in [30].
3. Return  E(T (G)).

Theorem 7. There is a Monte Carlo algorithm that computes the minimum cycle
basis in O(m' ) time, with failure probability at most 1=.

Proof. The correctness of the algorithm follows immediately from Theorem 1. As noted
in Section 2.4, the cycles of a graph form a weighted matroid. Since the cycles ih(G)
are sorted by weight, and since the tight cycles of a graph are guaranteed to contain
a minimum cycle basis, from Remark 2 the column rank pro le of T (G) is the greedy
algorithm, and the earliest basisE(T (G)) is a minimum cycle basis.

The list of tight cycles in G can be computed inO(nm) time using the algorithm
described in Section 2 of [2]. Hence, Step 1 of Algorithm 3 take®©(nm log(hm))
time (which in turn is same as O(nm logn) time). Moreover, using Theorem 6, the
complexity of Step 2 is bounded byO(n + '). Sincen; < m , the complexity of
Algorithm 3 is bounded by O(m' ). Using Theorem 6, the failure probability of the
algorithm is at most =. O

4 Minimum homology basis, minimum cycle basis
and tight cycles

To begin with, note that since every graph is a 1-dimensional simplicial complex, the
minimum cycle basis problem is a restriction of the minimum homology basis problem
to instances (simplicial complexes) that have no 2-simplices. In this section, we re ne
this observation by deriving a closer relation between the two problems.

We will now de ne some notation that we will use in Lemma 8 and Theorem 9.
Notation 1. We assume that we are provided a compleK in which all edges are
assigned non-negative weights. Letv : E ! R* be a non-negative weight function



vector spaceB;(K) indexed so thatw( ) w( i+1), 1 i< b (with ties broken
arbitrarily). Also, let H = f 1;:::; 3g be a minimum homology basis oK indexed
so that w( ;) w( j+1), 1 i < g (with ties broken arbitrarily). Then, the set
C=1 15155 b 15115, g0 is a cycle basis forK ;. Let be a minimum cycle basis
of K;. Every elementC 2 M is homologous to a cycle =1 & ; wherea; 2 f0;1g
for eachi. Then, for some xed integersp and g, M = fBy;:::;Bq;C1;:::;Cpg is
indexed so that the elementd1;:::;Bq are trivial and the elementsCy;:::;C, are

nontrivial cycles. Also, we havew(B;) w(Bj+1) for 1 j < g (with ties broken
arbitrarily), and w(C;) w(Cj+1) for 1 j<p (with ties broken arbitrarily).
Remark 3. We note thatp g. This is because a trivial cycle can be obtained as
a linear combination of nontrivial cycles, but a nontrivial cycle cannot be obtained
as a linear combination of trivial cycles. Thus, there have to be at leasy linearly
nontrivial cycles in M to be able to obtain all cycles in any homology basis from linear
combinations of cycles inM .
Lemma 8. Given a simplicial complexK , suppose thatH, Cand M are de ned as
in Notation 1. The following two statements are true

1. W( 1) = W(Cl), and

2. there exists a minimum homology basi$i with ; homologous toC;.

Proof. Targeting a c:ontradlcuor]3 suppose tqgre exists a minimum homology basis
with w( 1) < w(Cy). Let ; = . 1 &G+ —1 b Bj; wherea 2 f0;1g for each
i and y 2 f0;1g for eachj. Since ; is a nontrlwal cycle, there exists at least
onei with & = 1. Let *~ 2 [1;p] be the Iargesbmdex in th(i': above equation with
a = 1. Rewriting the equation, we obtain C: -7 aCi+ ., BBj+ 1:Since

w( 1) < w(Cy) by assumption, we havew( 1) < w(C-) becausew(C-) w(Cy)
by indexing of M . It follows that the basis obtained by exchanging C- for 1, that
is, fB1;::5;Bg; 1;C15::1;C 1;Cua;010;Cog gives a smaller cycle basis than the
minimum one, a contradiction.

Once again, targeting a contradlglon suppq§e there exists a minimum homology
basis withw( 1) >w(Cy). Let C1 = L, & i+ =1 b ;. As before, sinceC; is not
trivial, there exists at least one i with a = JP Let 2 [1Pg] be the largest index in
the above equation witha = 1. Then, - = ,_; Yo+ iz B j + Ci: Note that
w( ) w( 1) because of the indexing, andv( 1) > w (C,) by assumpt|0n Therefore,
thesetfCy; 15115 ~ 1) “+1,;::1; pgobtained by exchanging - for C, gives a smaller
homology basis than the minimum one, a contradiction. This proves the rst part of
the lemma.

From the rst part of the lemma, we have w( ;) = w(C;) for every mini-
mum homology basis. LetH be an arbitrary minimum homology basis. Then, if
C; is not homologous to ; 2 H, by using basis exchange we can obtairH =

fCy; 1:0:5 ~ 15 ~+13itl p0, which is the minimum homology basis with its rst
element homologous toC,;, and having the same weight asw(C;), proving the
claim. O
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We now prove a theorem which allows us to harness fast algorithms for mini-
mum cycle basis in service of improving time complexity of algorithms for minimum
homology basis.

Theorem 9. Given a simplicial complexK, suppose thatH, C and M are de ned
as in Notation 1. Then, there exists a minimum homology basidH of K, and a set
fCi,;:iCi,g f Cq;::0;Cg M such that, for everyk 2 [1 gl, we haveCIk

minimum homology baS|s ofK

Proof. The key argument is essentially the same as for the proof of Theorem 8.
Nonetheless, we present it here for the sake of completeness. We shall prove the claim
by induction. Theorem 8 covers the base case. By induction hypothesis, there is an

integer k < g, and a minimum homology basisH = f 1;:::; 4g, for which, vectors
fCi,;:i0Ci,g f Cq;::05Cpg are such that, for everyj 2 [1;k], we haveC;; homol-
ogous to a cycle spanned byy;:::; j, and w(Cj,) = w( ). Let ix+1 be the smallest
index for which C;,,, 2 fCy;:::;Cpg is not homologous to any cycle spanned by
fCi,;:::;Ci 0. Such an indexix+1  p exists assuming every nontrivial cycle inC can
be obtamed as a linear combination of cycles irM . P,

Suppose thatw( k+1) <W(Ci,,, ). Let k1 = [ aCi+ [ hB, Let 2
B p] be the Iargest index in the above equation witha: = 1. Then, C: =1 tac +

_1 b Bj + k+1: From the induction hypothesis, we can infer that |k+1, and

hencew(C) w(C;,,, ) by indexing of M . Thus, if w( x+1) < w(C;,,, ), then we
have w( «+1) <w (C-). It follows that, fBy1;:::;Bq; k+1;C1;:::;C 1;C415::1,Cpg
obtained by exchangingC-: for .1 gives a smaller cycle basis than the minimum one,
contradicting the minimality of H. p p

Now, suppose thatw( x+1) > w(C;,,, ). Let C;,,, = 9 ot jbzl b ;. Let
* 2 [1;g] be the largest lg,ndex in th%)above equation Wltha = 1. Rewriting the
equation, we obtain - = . _'a i+ i=1 b j + Ci.,, : Again, using the induction
hypothesis,” k+1, and hence,w( -) w( k+1 ) because of the indexing. Since we
have assumedw( k+1) > w(C;i,,, ), this gives usw( ) > w(C;j,,, ). Hence, the set
fCini 1:05 15 “+1,:51; pg obtained by exchanging - for C;,,, gives a smaller
homology basis than the minimum one, contradicting the minimality of H.

From the rst part of the proof, we have established that w(C;,,, ) = wW( k+1)-
So, if Cj,,, is not homologous to x+1 2 H and w( x+1) = w(GC;,,, ), then H =
fCiy s 1000~ 15 c415i00 p9 obtained by exchanging - for C; ., is the desired
minimum homology basis, proving the induction claim. O

Previously, it was known from Erickson and Whittlesey [16] that H is contained
inT.
Theorem 10 (Erickson and Whittlesey [16]). With non-negative weights, every cycle
in a lightest basis ofH;(K) is tight. That is, if H is any minimum homology basis of
K,thenH T

Using Theorems 1 and 9, we can re ne the above observation.
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Corollary 11. Let T denote the set of tight cycles oK 1, and let M be a minimum
cycle basis ofK ;. Then, there exists a minimum homology basidH of K such that
HMT

5 Algorithms for minimum homology basis

To begin with, note that since C,(K); Zy(K); Bp(K) and Hy(K ) are vector spaces, the
problem of computing a minimum homology basis can be couched in terms of matrix
operations.

by weight, and let T = [C; C::: Cjrj] be the matrix formed with cycles C; as its
columns. Then, the matrix Y =[@ j T] hasO(N + n ) columns andO(N + n ) non-
zero entries sinceT has O(n ) columns and O(n ) non-zero entries by Theorem 4,
and @ hasO(N) columns andO(N ) non-zero entries. SinceY hasm rows, the rank of
Y is bounded bym. This immediately suggests an algorithm for computing minimum
homology basis analogous to Algorithm 3.

Algorithm 4 Algorithm for minimum homology basis

1: Compute the sorted list of tight cycles in T, and assemble matrixY .

hann and Yang's algorithm [30], where columnsfY;, g and fY;.g are linearly
independent columns of @ and T respectively.
3 Return  ColumnsfY; ;Yi,;:::; Y0

Theorem 12. Algorithm 4 is a Monte Carlo algorithm for computing a minimum
homology basis that runs inO(m' ) time with failure probability at most %

Proof. The correctness of the algorithm is an immediate consequence of Corollary 11.
As noted in Section 2.4, the nontrivial cycles of a complex form a weighted matroid.
Since the cycles inT are sorted by weight, and since the tight cycles of the 1-skeleton
of the complex is guaranteed to contain a minimum homology basis, from Remark 2,
the column rank pro le of T is the greedy algorithm that returns a minimum homology
basis.

The list of tight cycles in G can be computed inO(nm) time using the algorithm
described in Section 2 of [2]. Hence, Step 1 of Algorithm 4 take®(nm logn) time.
Moreover, using Theorem 6, the complexity of Step 2 is bounded b{p(N + n + m'),
which is the same asO(m') since N and n are both in O(m'), and the failure
probability is at most 1=. O

When the number of 2-simplices in complexK is signi cantly smaller than the
number of edges, the complexity for minimum homology can be slightly improved by
decoupling the minimum homology basis computation from the minimum cycle basis
computation, as illustrated in Algorithm 5.
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Algorithm 5 Algorithm for minimum homology basis

1: Compute a minimum cycle basisM of K1 using the Monte Carlo algorithm by
Amaldi et al. [2]. Let M be the matrix whose columns are cycle vectors irM
sorted by weight.

2: Assemble the matrixZ =[@ j M ].

ministic algorithm by Jeannerod et al. [19], where columnsfZ;, g and fZ;. g are
linearly independent columns of @ and M respectively.
4. Return  ColumnsfZz; ;Z;,;:::;Zi,0.

Theorem 13. A minimum homology basis can be computed irO(Nm' 1) time
using the Monte Carlo algorithm described in Algorithm 5. The algorithm fails with
probability at most log(nm)2 ¥, wherek = m%1,

Proof. As in Theorem 12, the correctness of the algorithm is an immediate conse-
guence of Corollary 11 and Remark 2. The algorithm fails only when Step 1 returns an
incorrect answer, the probability of which is as low as log(nm)2 ¥, wherek = m%1,
see Theorem 3.2 of [2].

The minimum cycle basis algorithm by Amaldi et al. [2] runs in O(m') time
(assuming the current exponent of matrix multiplication ! > 2). Furthermore, using
Theorem 5, the complexity of Line 3 is bounded by O(Nm' 1). So, the overall
complexity of the algorithm is O(m' + Nm' )= O(Nm' 1. O

Note that in Line 3 of Algorithm 5, it is possible to replace the deterministic
algorithm by Jeannerod et al. [19] with the Monte Carlo algorithm by Storjohann and
Yang's algorithm [30]. In that case, the complexity of the algorithm will once again
be O(m' ), and the failure probability will be at most1 (1 log(nm)2 ).

6 A g-sensitive algorithm for minimum homology
basis

In this section, we describe a randomized-sensitive algorithm for computing minimum
homology basis whose complexity depends on the value @f Speci cally, when g =
0O(1), Algorithm 6 computes the minimum homology basis of a complex correctly in
nearly quadratic time. To begin with, note that using Corollary 11, we know that the
tight cycles of the 1-skeletonK; of a complexK contains a minimum homology basis
of K. In this algorithm, the tight cycles of K; are maintained in a matrix denoted by
T . Speci cally, the tight cycles are maintained in the columns of T and are sorted by
weight. Essentially, Algorithm 6 builds a matrix B containing the minimum homology
basis by iteratively nding a lexicographically smallest cycle in T that is linearly
independent of the current set of cycles stored irB . It uses binary search each time to
locate the lexicographically smallest linearly independent cycle. To make the search
procedure e cient, randomization is used. Wiedemann's black box algorithms are used
twice in Algorithm 6, rst, in Line 2 to estimate g, and then in Line 13 to check if
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a randomly selected cyclew is linearly independent of the basis cycles assembled in
matrix B.

Throughout this section, for some indicesi;j , T [i] represents thei-th column of T,
and T[i:::j ] represents the submatrix of T formed by choosing columns through j.

Recall that there are g cycles in any homology basis. In Algorithm 6, the outer
for loop in Lines 6-30 runsg® times, nding one linearly independent cycle in each
iteration. Here, g° = g with high probability since Wiedemann's algorithm computes
the rank of a matrix correctly with high probability. The while loop in Algorithm 6
uses a modi cation of binary search to nd the lexicographically smallest cycles that
are linearly independent of cycles in the matrixB . Suppose that we have some proba-
bilistic guarantee that the rst k cycles in the minimum homology basis are correctly
computed. Now, if T[ :::p] has a cycle that is linearly independent of the cycles in
B, then in the probability ampli cation for loop of Lines 10-17 such a cycle is identi-
ed correctly with probability at least 1 % (See Lemma 15). On the other hand,
if T[ :::p] does not have a cycle that is linearly independent of the cycles i3, then
in the if condition of Line 14, a cycle that is linearly dependent on cycles inB is
misidenti ed as linearly independent with probability at most % (See Lemma 16).
If a linearly independent cycle is successfully identied inT[ :::p], then the search
interval is halved by setting r % (See Line 15). On the other hand, if the algo-
rithm fails to nd a linearly independent cycle in T[ :::p], then in the next iteration
of the while loop, the search interval is halved by setting % +1 (See Line 23).

If we have narrowed down the search of the next cycle in the basis t@ ['] and

= r but T[] is linearly dependent on cycles inB, then the algorithm has clearly
failed and is therefore terminated (See thaf condition in Line 19). On the other hand,
if we have narrowed down the search of the next cycle in the basistd [[]Jand " = r
where T[] is linearly independent of cycles inB, then we add T[] to B and initiate
the search for the next cycle in the basis (See th& condition in Line 25).
Notation 2. Given anm n matrix A and a n-digensional column vectorx, the
matrix vector product A x to be equal to the vector i”:l AiXi.
Lemma 14. If there exists a column vector inT[ :::p] that is linearly independent of
column vectors of[B j @], then the probability that the vectorw chosen in Line 12 is
such that the system of equationfB | @] x = w in Line 13 does not have a solution
is at least 3.

Proof. We begin with noting that w is setto T[ :::p] Vv in Line 12.

We will prove the claim in the lemma by induction. Let i; be the smallest index for
which the column T [i1] is not in the column space of B | @]. Then, setting v[i;]to 1
andv[jJtoeitherOorl1forj 2f;:::;i; 1g, we obtain a set of linear combinations
of columns in T[ :::i1], denoted by S;,, which do not lie in the column space of
[B j @]. SincejS;,j =2+ ', half of the linear combinations of the rst i;  columns
of T generate a column that does not belong to the column space oB[j @]. This
completes the base case of the induction.

For the inductive hypothesis, assume that for somei > i 1, at least half of the
2 *1 linear combinations of columns of T[:::i] using the rst i ° + 1 indices
generate a column that is not in the column space offf j @]. Denote this set of linear
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Algorithm 6  Algorithm for minimum homology basis

© ® N o g A

11:
12:
13:

14:
15:
16:
17:

18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

30:

Compute the set of tight cycles ofK; in matrix T sorted by weight.
Use Wiedemann's algorithm to compute rk(@). Let z; = m  rk(@). Next, use
Wiedemann's algorithm to compute by = rk( @). Then, ¢° z; by.
. Wiedemann's algorithm computes rank correctly with high probability. Hence,
g®= g with high probability.
Initialize B with the empty matrix.

1, r m n+1;

for i =1to g°do . Outer for loop
k 0;. The variable k is not used in the algorithm; but is used in the analysis.
while © r do . The while loop is used for binary search.
p ' found false ;
for 2logm times do . Probability ampli cation for loop

Let v be a uniformly random 0-1 vector of size p ~ +1)
w  T[:::p] v
Use 2logm independent runs of Wiedemann's algorithm to
determine whether B j @] X = w has a solution
if asolutionto[B j @] x = w is not found in any of the runs then
r p; found true
foundindex p
Exit the for loop in Lines 10{17

if found = false then

if ~=r then
Print \ Algorithm failed. " . Binary search fails. Cycle not found.
return ;
else
p+1
else . Binary search successful. Linearly independent cycle found.
if ~=r then

foundindex + 1
r m n+1

B [Bjw]
Exit the while loop
k k+1

combinations by S;. Denote the gomple_mgntary set of linear combinations byS;. Said
dierently, jS;j 2 andjS[ Sij=2' *I.

Then, we have two cases: eithefl [i + 1] is in the column space of B j @] or not.

(1.) If it is in the column space of B j @], then Sj.; is obtained by extending the

combinations in S; by setting v[i + 1] to be either 0 or 1.

(2.) If it is not in the column space of [B j @], then the combinations in S;;; that

generate a column that is not in the column space ofB j @] are obtained by
(a.) extending combinations in S; by setting v[i + 1] = 1, (b.) extending all
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combinations in S; by setting v[i +1] = 0, and some combinations in S; by setting
v[i +1] = 1 (if linear independence is preserved).
For every combination in S;.1 , the vector v[ :::i+1] picks a column from T that is not
in the column space of B j @]. Note that in both cases (1.) and (2.),jSi+1j 2
assumingjSij 2 . The claim follows by noting that v is selected uniformly at
random. O

Lemma 15. If there exists a column vector inT[ :::p] that is linearly independent
of column vectors of[B j @], then the if condition in Line 14 fails to satisfy in each
of the 2logm iterations of the probability ampli cation for loop (of Lines 10-17) with
probability at most 1.

Proof. By Lemma 14, the failure probability of one iteration of the probability ampli-
cation for loop is at most % Since thefor loop of Lines 10-17 is executed 2 logm
times, and each time the vectorw is chosen independently, theif condition fails to
satisfy with probability at most 2 2'°gm = & O

Lemma 16. If there does not exist a column vector inT [ :::p] that is linearly inde-
pendent of column vectors ofB j @], then theif condition in Line 14 is satis ed with
probability at most ;.

Proof. By assumption, there does not exist a column vector inT [ ::: p] that is linearly
independent of column vectors of B j @]. Suppose that in one of the iteration of the
probability ampli cation for loop (of Lines 10-17) all 2 logm runs of the Wiedemann's
algorithm fail to nd a solutionto [ B j @] x = w. The failure probability of one run
of Wiedemann's algorithm (Line 13) is at most % Hence, the probability that 2log m

runs fail to nd a solution even when one exists is at most 2209 ™ = 1, O

Let ; be the lexicographically smallest nontrivial cycle in T, and for everyi 2

ofcycles ; forj 2 [i 1]. Let E be the event that B[i]= ;. Also, let E be the event
that g°= g.
Lemma 17. Pr[EjE] (@ #)dlog e

Proof. For i = 1, in the outer for loop of Lines 6-30, we denote the values of, p
and r in the k-th iteration of the while loop by “k, px and r, respectively. Note that
‘o=landro=m n+1 For k2f2:::;dog eg wheni =1 and k > 1, if the
if condition in Line 14 is successful, then'y = "y 1 and ry = px 1 (see Line 15),
else’x = px 1 +1 (see Line 23) andryx = rgx 1. The algorithm uses a modi cation
of binary search to nd the lexicographically smallest indexed column ofT that does
not lie in the column space of B j @] (which is the same as @] wheni =1).

Assuming £, is satis ed, we haveg= ¢° 1. Clearly, 1 2 T[o;ro]. Suppose that
after k 1 iterations, the probability that ;2 T['« 1;r« 1]isatleast (1 )k L. If
12 T[k 1;pP« 1], then using Lemma 15,rx = px 1 and 'k = “x 1 with probability
at least 1 % On the other hand, if 12 T[px 1+1;rk 1], then using Lemma 16,
'k = pk 1+1 and ry = ry 1 with probability at least 1 # In either case, the
probability that 1 2 T[';r¢] is at least (1 —Ly)k.

16



In every iteration of the while loop, the size of the search interval reduces by half.
Since the total number of columns inT is , Pr[E jEo]is atleast (1 ;)40 e O

Lemma 18. Pr[E j\ JizolE,] (1 L)doo e
Proof. The proof is nearly identical to Lemma 17. 0

We now recall a useful inequality from Motwani and Raghavan's book [25].
Proposition 19 (Proposition B.3 [25]). For all t;n 2 R such thatn 1 andt n,
2 n
fp B 1+ L
n n

Theorem 20. Algorithm 6 correctly computes the minimum homology basis with

probability at least 7e * 1 L .

Proof. To begin with, note that Wiedemann's algorithm [32] for computing the rank
of a matrix has success probability at Ieast%. Hence, Pr [Ey] %.
. 0 . . . 0

Using Pr(\ g E]= Pr[E] Pr(EjE] Pri&jE\Eq] Pr[Epj\ - '5]
and Lemmas 17 and 18, we deduce that

dlog eg®
q° 1 1 ]
From Proposition 19,
2 log eg®
1 (1) " 1 @
1
lm MTw bome

Hence, the probability that Algorithm 6 correctly computes the minimum homol-
ogy basis is givenby; e * 1 L . O

Theorem 21. Algorithm 6 runs in O(N?g+ Nmg? + mg®) time.

Proof. The list of tight cycles in G can be computed inO(nm) time using the algorithm
described in Section 2 of [2]. Hence, Line 1 of Algorithm 6 take©(nm log(hm)) =
O(nm logn) time.

Since @ and @ have O(N) nonzero entries, rank computations, from Remark 1,
using Wiedemann's algorithm [32] in Line 2 takeO(N ?) time.

We note that if g° > g, then in the outer for loop of Lines 6-30, fori = g+1,
the binary search will fail and the if condition in Line 19 will be satis ed, and the
algorithm will terminate. Therefore, we can state the complexity analysis in terms of
g instead of ¢°.

By Theorem 4, the total length of tight cycles of K; is at mostn = O(nm). Using
a sparse matrix representation ofM , Line 12 takesO(nm) time. From Remark 1, we
know that a single run of Wiedemann's algorithm takes O(N + mg) (N + g)) =
O(N 2+ Nmg+ mg?) time sinceNg = O(N?). So, logm runs of Wiedemann's algorithm
in Line 13 takes O((N? + Nmg + mg?)2logm) = O(N? + Nmg + mg?) time. The
outer for loop in Lines 6-30 runs at mostg + 1 times. The while loop in Lines 8-30

17



runs at most logm times. The probability ampli cation for loop in Lines 10-17 runs
2logm times. Line 13 is executed at mostO(2glog? m) times. Since Line 13 is the
most expensive step in the probability ampli cation for loop from Lines 10-17, the
complexity of the algorithm is O(N?g+ Nmg? + mg?®). O

Note that when g = O(1), Theorem 4 runs in nearly quadratic time.

7 Runtime comparison

Recall that Algorithm 4 runs in O(m'), Algorithm 5 runs in O(Nm' 1) time and
Algorithm 6 runs in O(N?g+ Nmg? + mg®) time, where n is the number of vertices,
m is the number of edges andN is the total number of simplices.

Note that Dey et al. prove a bound of O(N' + N?2g) on the running time of their
algorithm [13, Section 3.2]. However, a more re ned analysis shows that the algorithm
described in Dey et al. [13] runs inO(nmg+ Nm' 1) time. This is because the annota-
tion algorithm takes O(Nm' 1) time in the worst case, whereas theShortestCycle
procedure in [13] takesO(nm) time. Using the recurrence relation in [13, Section 3.2]
we obtain a time complexity bound of O(Nm' !+ nmg).

Comparison of Algorithm 4 with Algorithm 5

For families of complexes withN® = I (m) for some > 0, Algorithm 4 is faster
than Algorithm 5. However, for families of complexes such as triangulations of surfaces
with N = ( m), Algorithm 5 is faster than Algorithm 4.

Comparison of Algorithm 4 and Algorithm 5 with Dey et al.'s algorithm

For surfaces withg = ( m), Algorithms 4 and 5 are faster than Dey et al.'s algorithm
since Dey et al.'s algorithm takes at least (m?®°) time since n = ( m%%), while
Algorithms 4 and 5 run in O(m' ) and O(m') time, respectively.

For dense simplicial complexes withn vertices, ( n?) edges and (n®) 2-simplices,
Algorithm 4 is faster than Dey et al.'s algorithm since Algorithm 4 runs in O(n?")
time, whereas Dey et al.'s algorithm runs inO(n? *1) time.

For surfaces with boundedg, Dey et al.'s algorithm is slightly faster than Algo-
rithm 4 since Dey et al.'s algorithm runs in O(m' ) time, whereas Algorithm 4 runs
in O(m') time.

Finally, it is easy to check that Algorithm 5 is asymptotically always at least as
fast Dey et al.'s algorithm, whereas in some important cases (such as surfaces with
g= ( m) as discussed above), it is indeed much faster.

Comparison of Algorithm 6 with Algorithm 4 and Algorithm 5

When N = O(m) and g is bounded, Algorithm 6 is faster than Algorithms 4 and 5.
On the other hand wheng = ( m), Algorithms 4 and 5 are faster than Algorithm 6.

Comparison of Algorithm 6 with Dey et al.'s algorithm

For surfaces with boundedg, Algorithm 6 is faster than Dey et al's algorithm since
Algorithm 6 runs in O(m?) time whereas Dey et al's algorithm runs in O(m' ) time.
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On the other hand, for surfaces withg = ( m), Dey et al.'s algorithm is faster than
Algorithm 6 since Algorithm 6 runs in O(m*) time whereas Dey et al.'s algorithm
runs in O(m') time.

8 Implementation

While the algorithms described in the previous section have good worst case runtime
bounds, they are not amenable to a simple and e cient implementation. We use
ideas from Algorithm 5 to implement an algorithm that exhibits good performance
in practice by leveraging existing state-of-the-art software for matrix reduction and
minimum cycle basis computation. We begin by describing the data representations
for input/output and intermediate storage.

8.1 Input/output format

Geometric simplicial complex input are expected to be in theOFF1] le format. The
current implementation assumes that the complex is embedded ifR® but this may be
extended to high dimensional Euclidean spaces. The weight of an edge in the complex
is assumed to be given by the Euclidean distance between its end point vertices. A
general simplicial complex input may be specied in a simple text le that stores
the 2-skeleton of the complex. The text le contains the number of vertices, edges,
and triangles, followed by a list of weighted edges and nally a list of triangles of
the complex, all in ASCII format. An edge is represented as a 3-tuple€i;j;w g in a
separate line wherei;j are the indices of its end point vertices andw is the edge
weight. A triangle is represented as a 3-tuplefi;j;k g in a separate line wherei; j; k
are the indices of the vertices of the triangle.

The output is available in a single text le consisting of the betti number ( 1)
followed by a list of cycles that represent a minimum homology basis. Each cycle is
represented as a sequence of vertex indices.

8.2 Internal data representation

We maintain the following in-memory data structures for querying the input simplicial
complex and storing the results of the intermediate steps of the algorithm.

1. vertexList: A list of vertices and their location in R® for geometric simplicial
complexes.

2. triangles: A list of triangles of the complex. Each triangle is stored as a 3-tuple
representing the index of its three vertices invertexList.

3. vPairToE: Edges of the complex are enumerated. The inderdgeNoof an edge
ranges from 1 tom. vPairToE is a map where each key is a pair of vertex indices
corresponding to the end points of an edge and the associated value is tiedgeNo
of that edge.

4. eToVPair: The inverse map ofvPairToE . A map that speci es the pair of vertex
indices corresponding to an edge.

5. eToWeightMap: A map from an edge index to the edge weight.
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6. graph: The 1-skeleton of the input simplicial complex, stored as a Boost adjacency
list [5].

8.3 Algorithm

We now describe FastLoop, a practical implementation of Algorithm 4. FastLoop
employs alternate algorithms for computing the minimum cycle basis and column rank
pro le. These algorithms are e cient in practice, amenable to parallel computation,
and their implementation is made available within reliable software libraries. Below,
we provide an overview of the main steps of FastLoop.
1. Load the input simplicial complex and populate the key data structures described
in the previous section.
2. Compute a minimum cycle basis (see Section 8.3.1).
3. Assemble the matrix Y, the boundary matrix prepended to the minimum cycle
basis (Algorithm 5)
4. Employ a column reduction algorithm that adds columns from left to right to
compute the column rank pro le (see Section 8.3.2).

8.3.1 Computing a minimum cycle basis

We use parmchb, the Parallel Minimum Cycle Basis library [14], to compute a mini-
mum cycle basis of the 1-skeleton of the input simplicial complex. The parmcb library
implements a suite of algorithms that are broadly based on De Pina's algorithm Algo-
rithm 1 but di er in the step that computes a minimum weight cycle that is required in
Step 3 of the algorithm. It supports parallel execution using MPI and Intel TBB. The
input graph is represented using the graph data structure from the Boost library. For
our purpose, we build a Boost library adjacency list representation of the 1-skeleton of
the 2-complex (graph). The minimum cycle basis is reported as a collection of cycles,
where each cycle is represented as a list of edges.

8.3.2 Computing the minimum homology basis

Any matrix reduction algorithm that adds columns from left to right can be used
to compute the column rank pro le. Speci cally, the indices of the non-zero columns
at the end of such a reduction procedure gives the column rank pro le. We use the
standard reduction algorithm in the PHAT library [4]. PHAT is a library of matrix
reduction algorithms [3] implemented in C++ for computing barcodes in persistent
homology. We recall the standard reduction algorithm in Algorithm 7. Theorem 4
implies that the matrix Y is sparse. This motivates the use of PHAT, which is opti-
mized to exploit the sparsity of the underlying matrix. PHAT supports multiple sparse
representations of the matrix. We choose the bittree representation [3, Section 4],
where each column is represented as a balanced binary tree of row indices that con-
tain a 1 in that column. The matrix is maintained as a list ( vector) of such balanced
binary trees.
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Algorithm 7  Standard reduction algorithm for matrix reduction [3]

1. Input: A 0-1 matrix @with m columns.

2: low(j) denotes the row index of the lowest 1 in@ it is unde ned if column |
contains only zeros.

3 for j=1to m do

4: while there existsjg <j with low(jo) = low(j) do

5: Add column jg to j

9 Experimental results

We now describe results from our computational experiments on various real world and
synthetic datasets. The experiments serve two primary purposes. First, they validate
the correctness of FastLoop. Second, they reveal the e ciency of the algorithm when
measured against the size and type of the input complex and the number of CPU
cores deployed. All experiments were performed on an Intel workstation powered by
a Xeon(R) Gold 6230 CPU with 20 cores at 2.10 GHz and 384 GB RAM running
Ubuntu Linux. Parallelization in computing the minimum cycle basis was achieved

using Intel Thread Building Blocks (TBB).

9.1 Cycle representatives

The real world datasets include 2D meshes and 3D volume meshes, both manifold
and non-manifold. Table 1 lists all datasets and Figure 3 shows results on a subset of
the datasets. The top two rows in Figure 3 are polygonal meshes from the Visionair
shape repository [31]. These meshes are medium sized datasets consisting of 30000{
70000 simplices. The accompanying video (Online Resource 1) shows the computed
cycle representatives from di erent view points.

Computational experiments on the real world datasets help demonstrate the prac-
tical utility of the algorithm via direct visualization of the loops and tunnels. Our
algorithm computes optimal cycle representatives for holes of dierent sizes. The
third and fourth rows in Figure 3 show data from the PCOD hypothetical zeolite
database [11]. Zeolite structures are known to contain pores. Hypothetical structures
are generated computationally and their properties are studied to determine if they
are similar to existing zeolites with desirable properties. A distance eld that captures
distance from a point to its nearest atom is computed for each hypothetical zeolite
structure using the Zeo++ software [23]. The structure of three hypothetical zeolite
materials are visualized by rendering the zero isosurface, the preimage of distance
value 0. Zeolites are known to contain pores. Identifying the pores and quantifying
their size is an important problem because the pore size determines the chemical prop-
erties of the zeolite. Zeolites also have a spatially repeating structure that contributes
to a larger value of ;.

Figure 4 shows the surface of two protein molecules, 3EAM and 10ED. Both
proteins contain a central tunnel and multiple long pores. A subset of the cycles of the
minimum 1-homology basis, including the central tunnel, are highlighted in middle
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column. All the cycles of the minimum 1-homology basis are highlighted in the right
column.

9.2 Verifying correctness

Notwithstanding the theoretical correctness of the algorithm, we undertake several
measures to ensure correctness of the implementation in FastLoop. The two major
components of FastLoop are based on highly optimized, well maintained, stable, and
well tested software. Speci cally, the library parmcb [14] is used for computing the
minimum cycle basis (MCB), and PHAT [4] is used for the reduction step to compute
the minimum homology basis (MHB) from the MCB. We also compare the output
of FastLoop and ShortLoop [12, 26] on the real world datasets. The Betti numbers
reported by both software match each other, and for a majority of the datasets the
MHB reported by both software also match. However, we found a few examples where
the weight of the MHB computed by FastLoop di ered from that reported by Short-
Loop. In order to explain this discrepancy, we performed a few sanity checks on the
outputs of Shortloop and FastLoop. In particular, we checked if the loops reported
by the software are indeed non-bounding and independent. We observed that a few
cycles reported by ShortLoop fail the independence check, specically in the cases
when ShortLoop reports a smaller weight basis when compared to FastLoop. This dis-
crepancy can also be detected visually in some instances. Figure 2 shows an example
where the collection of basis cycles reported by ShortLoop (red) misses the central
hole of the wheel. The developers of ShortLoop have been informed about this issue.

ShortLoop FastLoop

Fig. 2 ShortLoop misses the central hole (left) whereas FastLoop correctly identi es the cycle rep-
resenting the hole.

9.3 Synthetic data

We also present results of experiments on synthetic datasets, consisting of two classes
of random complexes, with the aim of studying the scaling behavior of our algorithm.
The rst class is random clique complexes, a well-studied class of random complexes.
Let n be the number of vertices in the complex and letp be a probability parameter.
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