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Continuous Scatterplot Operators for Bivariate
Analysis and Study of Electronic Transitions

Mohit Sharma, Talha Bin Masood, Signe S. Thygesen, Mathieu Linares, Ingrid Hotz, Member, IEEE and
Vijay Natarajan, Member, IEEE

Abstract—Electronic transitions in molecules due to the absorption or emission of light is a complex quantum mechanical process.
Their study plays an important role in the design of novel materials. A common yet challenging task in the study is to determine the
nature of electronic transitions, namely which subgroups of the molecule are involved in the transition by donating or accepting
electrons, followed by an investigation of the variation in the donor-acceptor behavior for different transitions or conformations of the
molecules. In this paper, we present a novel approach for the analysis of a bivariate field and show its applicability to the study of
electronic transitions. This approach is based on two novel operators, the continuous scatterplot (CSP) lens operator and the CSP peel
operator, that enable effective visual analysis of bivariate fields. Both operators can be applied independently or together to facilitate
analysis. The operators motivate the design of control polygon inputs to extract fiber surfaces of interest in the spatial domain. The
CSPs are annotated with a quantitative measure to further support the visual analysis. We study different molecular systems and
demonstrate how the CSP peel and CSP lens operators help identify and study donor and acceptor characteristics in molecular

systems.

Index Terms—Bivariate field analysis, Continuous scatterplot, Fiber surface, Control polygon, Visual analysis, Electronic transitions.

1 INTRODUCTION

HE study of electronic transitions in molecules due to
Tabsorption or emission of light is crucial for under-
standing their chemical and physical properties [1]. Elec-
trons in a molecule are distributed within a series of avail-
able orbitals [2]. These electrons are excited from occupied
orbitals to unoccupied orbitals when the molecule absorbs
a photon, resulting in a change in the electronic structure
of the molecule. The transition is reversed upon emission
of light. The Natural Transition Orbital (NTO) is a compact
representation of electronic excitations. It considers a linear
combination of orbitals involved in a specific electronic tran-
sition to describe from where the electrons are excited (hole
NTO) and to where they are promoted (particle NTO) [3].

Our objective in this paper is to develop a solution for
a problem of interest to a theoretical chemist, namely the
analysis of the nature of electronic transitions in molecules.
A typical study of electronic transitions poses questions
related to the change in charge localization upon excitation
between the different molecular subgroups such as: Which
molecular subgroup is a donor / acceptor for a particular
excited state of the molecule? How do the donor / accep-
tor strengths (measured based on the amount of charge
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transferred) vary with differing molecular conformations?
How do donor / acceptor behavior vary within a family
of complexes? Can a given state be classified as presenting
a Local Excitation (within a subgroup) or a Charge Trans-
fer Excitation (between subgroups) character? To answer
these questions, we present a new approach to analyze a
bivariate field and demonstrate its effectiveness by applying
it towards the study of electronic transitions in different
molecules. In contrast to existing methods that study the
charge density fields individually, we propose the study of
a bivariate field consisting of two scalar fields, the hole NTO
and the particle NTO. The continuous scatterplot (CSP)
is a generalization of the discrete scatter plot to contin-
uous multivariate fields defined on n-dimensional spatial
domains [4]. We introduce two independent operators, the
CSP lens operator and the CSP peel operator, for analyzing
a bivariate field. illustrates the visual analysis
of a simple molecule using the two operators. The CSP
lens operator directly queries the range space to identify
characteristics of interest, for example to extract the donor
and acceptor regions. Subsequently, fiber surfaces [5] are
computed to visualize the corresponding spatial regions.
The CSP peel operator is directed by a segmentation of the
spatial domain of the bivariate field. It peels CSP layers
based on individual segments of the domain that corre-
spond to molecular subgroups. Subsequently, the peeled
CSP layers may be compared or studied individually.

1.1 Related Work

Electron density distribution in a molecule is often visual-
ized via isosurfaces together with a ball-and-stick model
representation of the molecule and additional annotations
to indicate transfer of charge [6], [7]. These techniques
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Fig. 1. Studying electronic transitions in a Thiophene Quinoxaline molecule. (Left) CSP lens operator allows to query the range space, i.e., CSP of

the hole and particle NTO ( p,

p), directly to extract the donor (top) and acceptor (bottom) regions. Together with a fiber surface extraction step,

this operator provides a way to link views of range space and the spatial domain. Fiber surfaces corresponding to the query control polygons (green
and red) are displayed on a ball-and-stick model of the molecule. (Right) Domain segmentation driven CSP peel operator allows to move from the
spatial domain to range space. Peeled CSP corresponding to the Thiophene and Quinoxaline subgroups, obtained using a Voronoi segmentation,

help study their behavior.

are useful for the study of orbitals within a given state.
The study of transitions based on these techniques rely on
side-by-side comparisons [8]. The analysis of transfer of
charge between molecular subgroups and their classification
as donor or acceptor is a key step towards the study of
electronic transitions. A few studies employ quantitative
approaches towards the study of charge transfer. Garcia et
al. [9] and Bahers et al. [10] propose a set of indexes based
on pointwise difference between the charge density fields to
capture the amount of charge transfer and change in dipole
moment. An extension of these indices may be interpreted
as a hole-electron distance [11]], [12].

In recent work, Masood et al. [13] present an automated
method for quantifying charge distribution and transitions
based on a spatial segmentation of the electronic density
field. They formulate charge transfer as a constrained op-
timization problem by modeling the molecular subgroups
as nodes in a graph and describe methods for visualizing
the charge distribution and transfer at the atomic and sub-
group level. An approach to extend this to an ensemble of
electronic transitions is presented by Thygesen et al. [14].
They propose a clustering-based pipeline for interactive
visual analysis and exploration. Previous work, as described
above, has either focused on visual comparisons of the indi-
vidual charge density fields or on methods to compute the
electronic charge transferred between molecular subgroups
and to visualize these quantities. In contrast, we present an
approach based on the analysis of a bivariate field to study
the transitions.

Generalization of discrete scatter plots [15] to continuous
scalar fields [4]] and of isosurfaces to fiber surfaces [5] has
led to new directions in bivariate and multivariate field
visualization. The CSP generalizes discrete scatter plots to
spatially continuous data, namely multivariate fields de-
fined on an n-dimensional spatial domain [4]. It presents
a dense visualization and scales well for large data sizes.
Follow-up work on discontinuities in the CSP establishes
a relationship with the number of connected components
in the spatial domain and demonstrates its applicability
towards the visual analysis of bivariate fields [16]. The
study of relationship between the individual scalar fields

has been used to identify interesting isovalues [17] in the
multivariate setting, following the use of isosurface statistics
in the case of univariate fields [18]]. Carr et al. [5] define
fibers as a generalization of isosurfaces to bivariate fields
and introduce the fiber surface, a separating surface which
consists of a collection of fibers. They demonstrate the appli-
cability of fiber surface towards the study of electron density
and its derived fields, and for characterization of bonds
in molecules. Subsequent work focused on improving the
correctness and efficiency of fiber surface computation [19]
and various applications [20], [21], [22]. Tierny et al. [20]
segment the domain based on the Reeb space [23] and use
them to peel the CSP to reveal its connected structures.

This paper presents a generic approach for visual analy-
sis of bivariate fields that utilizes the CSP and fiber surface
representations. Spatial distribution of the amount of charge
donated and gained are the two main quantities needed
to study an electronic transition. The orientation, density,
and other shape characteristics in the plotted CSP provide a
visual representation of the relationship between these two
quantities. Subsequently, fiber surfaces are used to extract
the corresponding spatial regions.

1.2 Contributions

We introduce a novel approach for visual analysis of bivari-
ate fields motivated by the objective of developing effective
methods to support the study of electronic transitions. We
employ techniques including CSP and fiber surfaces to de-
velop methods for exploring the bivariate field both within
the spatial domain and in the range space. Key contributions
of this work include

1) A CSP lens operator that enables queries on the range
space based on application-specific characteristics.

2) A CSP peel operator that enables the extraction of differ-
ent layers of the CSP based on a user-specified domain
segmentation.

3) A control polygon selection process that is directed by
the CSP lens operator and helps in the extraction of fiber
surfaces of interest.

4) A visual analysis pipeline that utilizes the two operators
independently or conjointly.
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5) A quanti cation of CSPs to support visual analysis.

6) Case studies on two molecular systems that demonstrate
the utility and effectiveness of the pipeline in supporting
the study of electronic transitions.

A previous paper presented the CSP peel operator and
its application to the study of electronic transitions in two
molecular systems [24]. In this extended version, we addi-
tionally present the CSP lens operator that incorporates a
new dimension to the visual analysis pipeline, a detailed
description of how the two operators can be applied in-
dependently and in unison, new quanti cation methods to
support the understanding of the output of the operators,
the use of ber surfaces to visualize the output of the CSP
lens operator, and additional case studies that demonstrate
the utility of the extended pipeline.

2 BACKGROUND

This section provides a brief introduction to techniques for
bivariate eld analysis and visualization, and a primer on
electron density elds, orbitals, and two molecular systems
that are the focus of our study.

Bivariate eld. A multivariate eld is a set of scalar valued
functions de ned over a spatial domain. A bivariate eldis a
speci c instance when two scalar elds are de ned over the
domain M ,
f=ffyfog: M RZ:

The two scalar elds f; and f, may either be independent
of each other or be related. Studying the bivariate eld helps
identify the relationship between the two elds in addition
to understand the characteristics of individual scalar elds.

[Figure 2(a) shows a synthetic data set from the topology
toolkit TTK [25]. The simply connected volumetric domain
is represented by a set of tetrahedra, f ; is the x-coordinate
and f is the y-coordinate of the pointin M .

Continuous scatterplot. A CSP is a density plot in the range
space, generalizing the concept of a scatterplot to spatially
continuous multivariate data [4]! It is closely related to
histograms and isosurface statistics 18], [26]. The density at
apoint (f1 = s3;f2 = sp) inthe range space, called the point
density, is mapped to color. Figure 2(b) shows the CSP of the
synthetic bivariate eld. The CSP is a good representation
to identify regions of interest within the spatial domain and
serves as a useful interface to select these regions.

Fiber. A ber [5] is a generalization of the isosurface to

bivariate elds. Given a pair of scalar values (s;;S;), a ber
F represents the collection of points in M that are mapped
to (S1;S2) under f,F = f 1(si;sy). Figure 2(c) shows the
isosurface of f; 1(sy) in olive color and that of f, Y(sy) in
pink. The ber is the intersection of the two isosurfaces,

shown in black. The black point in the CSP shown in

Figure 2(b) corresponds to the black ber in Figure 2(c).

Fiber surface. The preimage of a collection of points from
the CSP that lie on a continuous curve in the range space
is a collection of bers. This collection of bers forms a
ber surface The blue translucent surface in Figure 2(d) is
obtained as the preimage of the edges of the blue triangle
in Figure 2(b). Note that the black ber lies within the ber
surface.

Control polygon. The blue triangle is called a control polygon
because it serves as a tool to select interesting regions of
the CSP and visualize the corresponding ber surface in the
spatial domain. The control polygon may be open or closed
polygon, or even a line segment as required by the query.
The connectivity of the corresponding ber surface changes
accordingly.

Electronic transition and orbital. A molecular orbital is a
wave function that describes the location and wave behavior
of an electron in a molecule. An electron density eld, which
represents the probability of an electron being present at
a given location, can be derived from the orbital. Upon
absorption of light, the electronic structure of the molecule
is affected as the electrons are excited from occupied to
unoccupied orbitals. Chemists use a compact representation
for an electronic transition known as Natural Transition
Orbital (NTO) [3], which is de ned as a linear combination
of orbitals that are involved in a specic electronic tran-
sition. There are two types of NTOs: the hole NTO ( )
which represents the orbital vacated by an electron during
an excitation, and the particle NTO () which corresponds
to the orbital occupied by the electron. We analyze the
bivariate eld ( n; p) consisting of both NTOs in order to
study electronic transitions in molecules.

Molecular system. In this paper, we consider two case stud-
ies: Thiophene-Quinoxaline (TQ) and copper complexes.
The molecule is considered as a collection of multiple sub-
groups. A subgroupin a molecular system is a collection
of atoms that behave as a single entity in the electronic
transitions study. The subgroup information is provided by
the chemist. TQ is composed of two subgroups, namely
thiophene and quinoxaline, that are used in the eld of or-
ganic electronics either independently or together to create
conductive polymers. Thiophene is well known for donating
electrons whereas Quinoxaline accepts electrons. Figure 1
shows the TQ system. The ve-member ring on the left is
the Thiophene subgroup, Quinoxaline is on the right. We
consider different geometric conformations of this molecule
in our study. The second molecular system that we study is
a set of copper complexes. The complexes present variations
in the ligand. All copper complexes contain three subgroups
as shown in the top row of Figure 10: Copper (Cu) in the
center, Phenanthroline (PHE) as a xed subgroup, and a
third subgroup that varies between Phenanthroline (PHE),
Dimethoxy Phenanthroline (PHEOME), and a Diphosphine
ligand (XANT).

3 BIVARIATE ANALYSIS OF ELECTRONIC TRANSI -
TIONS

The CSP of the bivariate eld ( n; p) may be queried using
ber surfaces to identify regions that have a strong donor
or acceptor characteristic. Identi cation of control polygons
that correspond to strong donor or acceptor behavior is a
continual challenge. A detailed visual inspection of the CSP
iS necessary to select an interesting control polygon and the
selection often succeeds only after multiple attempts. This
dif culty motivated the development of a technique and

a tool to query the CSP directly and extract meaningful
regions. We call this range-based query operator as a CSP
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Fig. 2. (a) A synthetic bivariate eld, fi is the x-coordinate and f» is the y-coordinate. (b) CSP of the bivariate eld. A blue control polygon is

selected, it contains the black point (0:1;

0:3). (c) The olive color isosurface of f1 corresponds to isovalue 0.1 and the pink isosurface of f»

corresponds to isovalue -0.3. The two isosurfaces intersect along the black line segment, the ber corresponding to (0:1; 0:3). (d) The blue ber

surface corresponding to the control polygon contains the black ber.

Fig. 3. Visual analysis work ow. Molecular structure, NTO elds, and subgroup descriptions are available as input. A weighted Voronoi segmentation
identi es atomic regions. The segment corresponding to a molecular subgroup is computed as the union of atomic regions. The CSP of the bivariate
eld may be explored either using ber surfaces or CSP peel and lens operator can be used for a systematic analysis and donor-acceptor strength
comparisons. The peeled CSPs can be visually analyzed for donor and acceptor behavior. The lens operator globally extracts donor and acceptor

regions throughout the molecule. For all the CSPs presented in this paper, we have used consistent color map (

) with log scale mapping.

lens. A CSP lens reduces the size of the search space and contributions of a select set of subgroups to the CSP and

helps identify a region of interest. An example for the TQ
molecular system, with its unique star-shaped CSP, is shown
in Figure 1 (left). We queried the donor and acceptor regions
of CSP using donor and acceptor lenses. Selecting a control
polygon in the donor CSP results in a ber surface that
represents the donor points in the spatial domain. Two pairs
of piecewise linear curves (red and green) across the spikes
of the CSP are selected as control polygons.

The green ber surface extends across the Thiophene
subgroup (donor) and the red ber surface extends across
the Quinoxaline subgroup (acceptor). These observations
and further exploration of the CSP resulted in the insight
that the behavior of a subgroup as donor or acceptor is
encoded as patterns within the CSP, which may serve as a
descriptor for electronic transitions. This motivated the idea
of a CSP peel operator. We propose a smart peel operator
that is applied on a segmentation of the spatial domain to
generate CSPs corresponding to individual subgroups. This
process can be imagined as peeling away different layers
from the CSP to reveal contributions of individual molecular
subgroups of interest. The CSP peel operator provides direct
access to transition patterns of individual atoms or atomic
groups thereby simplifying the exploration. It displays the

enables their comparison. The example in Figure 1 is simple,
with dominant and distinct donor and acceptor regions
along the two axes. The output of the peel operator may
be complex and require a deeper study but they do support
systematic exploration. We consistently use the same axes
and color map (log scale) for the CSPs in all gures within
this paper.

4 VISUAL ANALYSIS PIPELINE

Figure 3 presents an overview of the visual analysis
pipeline that processes the input bivariate eld together
with application-speci ¢ information that determine a spa-
tial domain segmentation. For the application to the study
of electronic transitions, the bivariate eld consists of the
pair of NTOs and the molecular structure information (atom
locations, radii, bond information) is available as input.

4.1 CSP lens operator

A common challenge in the analysis of a bivariate eld is
the identi cation of interesting patterns in the CSP that can
help extract the desired spatial regions via ber surfaces. We
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Fig. 4. CSP lens operators applied on the TQ molecular system. Top row shows the mask associated with the different lens operators. Bottom row
shows the results after applying a lens operator to the CSP of the bivariate eld ( ,; p) over the entire molecule. All lenses are designed to exclude

the regions close to origin.

introduce CSP lens operator as the rst method in the CSP-
guided visualization and exploration stage of our proposed
visual analysis pipeline. The CSP lens can directly query
a CSP in an automated manner as compared to visually
identifying patterns. A CSP lens operator is speci ed using a
mask over the CSP with varying weight. The weight of each
point in the mask depends on the speci c query. Figure 4
shows the mask associated with different lenses on the x-
axis with a focus on the study of electronic transitions.
Donor, acceptor, and other lens queries translate to different
mathematical expressions that de ne the mask, as shown in
the following list. In each expression, N denotes the total
number of points in a CSP.

Identity lens =1; 8i 2 [O;N 1]
Hole charge lens (H. )= | n,j*> 8i 2 [O;N 1]
P article charge lens (P.) = | p‘jz 8i2[O;N 1]

Charge transferlens = jH_.  P_j
Donor lens = max(H,. P.;0)
Acceptor lens=max(P.  H_;0)

Let d; denote the point density at each point i of the CSP.
The CSP lens operator is de ned as the pointwise product

of the mask and point density. For example, the hole charge
lens operator results in a hole charge CSP:

Hole charge CSP=d; j n,j> 8i2[O;N 1]

Interpretation. The result of the application of a CSP lens
operator is also a CSP. The CSP lens operators shown in
Figure 4 for the application to electronic transitions partition
the CSP into donor and acceptor regions. For example,
the charge transfer lens computes the amount of charge
transferred to or from a particular point by calculating the
difference between particle NTO and hole NTO. The donor
lens extracts the region within the CSP where charge lost
is positive and the acceptor lens extracts the regions where
charge gained is positive. Also note that, all the listed lens
operators exclude the region near origin by using low values
in the mask. The points close to origin map to very low
hole NTO and particle NTO values. They correspond to
spatial points that lie far from atoms and near the boundary
of the domain. Selecting a control polygon near the origin

Fig. 5. Exploring the CSP using ber surfaces. As the control polygons
(green curves, top row; left to right) move away from origin, the cor-
responding ber surfaces (green, bottom row; left to right) shrink and
move closer to the atoms. The control polygons in the rightmost CSP
represent stronger donors as compared to the others. The correspond-
ing ber surfaces highlight the spatial points that donate larger amounts
of charge as compared to others.

produces a ber surface that covers the complete molecule.
We are interested in analyzing the behavior of subgroups
and regions close to atoms. As we move away from the
vicinity of atoms, both the amount of charge donated and
charge gained decrease. Points in the CSP that are close to
origin map to such regions in the domain and hence may
not be useful for analysis. Excluding this region in the CSP
reduces the search space.

The CSP lens operator is applicable generically for all
bivariate data analysis and not limited to the application
to electronic transitions. The operator needs to be speci ed
in a way that it segments the range space corresponding
to desired features. In the electronic transitions application,
the chemist is interested in locating the donor and acceptor
regions to understand a particular transition. In this speci c
case, the mask may be de ned using precise mathematical
expressions. The visual analysis pipeline only requires that
the mask be expressed as a scalar function over the range
space.

4.2 CSP lens and ber surface

The control polygon selection process may be directed by
the output of the lens operator. The utility of the CSP lens
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